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PREFACE

Analogies are useful for analysis in unexplored fields. By means of
analogies an unfamiliar system may be compared with one that is better
known. The relations and actions are more easily visualized, the mathe-
matics more readily applied and the analytical solutions more readily
obtained in the familiar system.

Although not generally so considered the electrical circuit is the most
common and widely exploited vibrating system. By means of analogies
the knowledge in electrical circuits may be applied to the solution of
problems in mechanical and acoustical systems. In this procedure the
mechanical or acoustical vibrating system is converted into the analogous
electrical circuit. The problem is then reduced to the simple solution of
an electrical circuit. This method has been used by acoustical engineers
for the past twenty years in the development of all types of electro-
acoustic transducers. Mechanical engineers have begun to use the same
procedure for analyzing the action of mechanisms.

The importance and value of dynamical analogies to any one con-
cerned with vibrating systems have led to a demand for expositions on
this branch of dynamics. Accordingly this book has been written with
the object of presenting the principles of dynamical analogies to the
engineer.

This book deals with the analogies between electrical, mechanical
rectilineal, mechanical rotational and acoustical systems. The subject
matter is developed in stages from the simple element through to com-
plex arrangements of multielement systems. As an aid in the establish-
ment of these analogies a complete theme is depicted in each illustration.

The text assumes on the part of the reader a familiarity with the ele-
ments of alternating circuit theory and physics.

The author wishes to express his gratitude to his wife, Lorene E. Olson,
for compilation and assistance in preparation and correction of the
manuscript.

The author wishes to acknowledge the interest given by Mr. E. W.
Engstrom, Research Director, in this project.

Harry F. OLson
Janvary, 1943
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CHAPTER 1
INTRODUCTION AND DEFINITIONS

1.1. Introduction

Analogies are useful when it is desired to compare an unfamiliar system
with one that is better known. The relations and actions are more easily
visualized, the mathematics more readily applied and the analytical
solutions more readily obtained in the familiar system. Analogies make
it possible to extend the line of reasoning into unexplored fields.

A large part of engineering analysis is concerned with vibrating sys-
tems. Although not generally so considered, the electrical circuit is the
most common example and the most widely exploited vibrating system.
The equations of electrical circuit theory may be based on Maxwell’s
dynamical theory in which the currents play the role of velocities.
Expressions for the kinetic energy, potential energy and dissipation show
that network equations are deducible from general dynamic equations.
In other words, an electrical circuit may be considered to be a vibrating
system. This immediately suggests analogies between electrical circuits
and other dynamical systems, as for example, mechanical and acoustical
vibrating systems.

The equations of motion of mechanical systems were developed a long
time before any attention was given to equations for electrical circuits.
For this reason, in the early days of electrical circuit theory, it was nat-
ural to explain the action in terms of mechanical phenomena. However,
at the present time electrical circuit theory has been developed to a
much higher state than the corresponding theory of mechanical sys-
tems. The number of engineers and scientists versed in electrical
circuit theory is many times the number equally familiar with mechanical
systems.

Almost any work involving mechanical or acoustical systems also
includes electrical systems and electrical circuit theory. The acoustical

1



2 INTRODUCTION AND DEFINITIONS

engineer is interested in sound reproduction or the conversion of electrical
or mechanical energy into acoustical energy, the development of vibrat-
ing systems and the control of sound vibrations. This involves acousti-
cal, electroacoustical, mechanoacoustical or electromechanoacoustical
systems. The mechanical engineer is interested in the development of
various mechanisms or vibrating systems involving masses, springs and
friction.

Electrical circuit theory is the branch of electromagnetic theory which
deals with electrical oscillations in linear electrical networks.! An elec-
trical network is a connected set of separate circuits termed branches or
meshes. A circuit may be defined as a physical entity in which varying
magnitudes may be specified in terms of time and a single dimension.?
The branches or meshes are composed of elements. Elements are the
constituent parts of a circuit. FElectrical elements are resistance, induct-
ance and capacitance. Vibrations in one dimension occur in mechanical
systems made up of mechanical elements, as for example, various assem-
blies of masses, springs and brakes. Acoustical systems in which the
dimensions are small compared to the wavelength are vibrations in a
single dimension.

The number of independent variables required to completely specify
the motion of every part of a vibrating system is a measure of the number
of degrees of freedom of the system. If only a single variable is needed
the system is said to have a single degree of freedom. In an electrical
circuit the number of degrees of freedom is equal to the number of inde-
pendent closed meshes or circuits.

The use of complex notation has been applied extensively to electrical
circuits. Of course, this operational method can be applied to any
analytically similar system.

Mathematically the elements in an electrical network are the coefhi-
cients in the differential equations describing the network. When the
electric circuit theory is based upon Maxwell’s dynamics the network
forms a dynamical system in which the currents play the role of veloci-
ties. In the same way the coefficients in the differential equations of

! The use of the terms “circuit’” and “network’ in the literature is not estab-
. cerms el . .
lished. The term “circuit” is often used to desighate a network with several
branches.

2 The term “‘single dimension’ implies that the movement or variation occurs
along a path. In a field problem there is variation in two or three dimensions.
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a mechanical or acoustical system may be looked upon as mechanical or
acoustical elements. Kirchhoff’s electromotive force law plays the same
role in setting up the electrical equations as D’Alembert’s principle does
in setting up the mechanical and acoustical equations. That is to say,
every electrical, mechanical or acoustical system may be considered
as a combination of electrical, mechanical or acoustical elements.
Therefore, any mechanical or acoustical system may be reduced to an
electrical network and the problem may be solved by electrical circuit
theory.

In view of the tremendous amount of study which has been directed
towards the solution of circuits, particularly electrical circuits, and the
engineer’s familiarity with electrical circuits, it is logical to apply this
knowledge to the solution of vibration problems in other fields by the
same theory as that used in the solution of electrical circuits.

In this book, the author has attempted to outline the essentials of
dynamical analogies ® from the standpoint of the engineer or applied
scientist. Differential equations are used to show the basis for the
analogies between electrical, mechanical and acoustical systems. How-
ever, the text has been written and illustrated so that the derivations
may be taken for granted. The principal objective in this book is the
establishment of analogies between electrical, mechanical and acoustical
systems so that any one familiar with electrical circuits will be able to
analyze the action of vibrating systems.

3 The analogies as outlined in this book are formal ones due to the similarity
of the differential equations and do not imply that there is any physical similar-
ity between quantities occupying the same position in their respective equations.
There is no claim that the analogies as outlined in this book are the only ones
possible. For example, in the past, mechanical impedance has been defined by
some authors as the ratio of pressure to velocity, ratio of force to displacement,
and ratio of pressure to displacement. Hanle (Wiss. Veroff a. d. Siemens-
Konzern, Vol. XI, No. 1) and Firestone (Jour. Acous. Soc. Amer., Vol. 4, No. 4,
1933) have proposed analogies in which mechanical impedance is defined as the
ratio of velocity to force. Every analogy possesses certain advantages, par-
ticularly in the solution of certain specific problems. However, the analogies
as defined in this book conform with the American Standard Acoustical Termi-
nology—=z24.1 of 1942; and the Standards of Electroacoustics, Institute of
Radio Engineers. In addition, all communication, circuit, and electrical engi-
neering books employing analogies to explain alternating current phenomena
use analogies as defined in this book. Finally, analogies as defined in this book
are universally employed in the technical and scientific journals. Therefore, it
is only logical to conform with the recognized standards and preponderance of
usage.




4 INTRODUCTION AND DEFINITIONS
1.2. Definitions

A few of the terms ¢ used in dynamical analogies will be defined in
this section. Terms not listed below will be defined in subsequent
sections.

Periodic Quantity—A periodic quantity is an oscillating quantity the
values of which recur for equal increments of the independent variable.
If a periodic quantity y is a function of ¥, then y has the property that
y =f(x) = f(x + T), where T, a constant, is a period of y. The small-
est positive value of 7T is the primitive period of y, generally called simply
the period of y. In general a periodic function can be expanded into a
series of the form.

y = flx) = Ay + A sin (wx + ar) + A2 sin Qux + az) +. . .,

where w, a positive constant, equals 2 divided by the period 7, and the
A’s and o’s are constants which may be positive, negative, or zero. This
1s called a Fourler series.

Cycle—One complete set of the recurrent values of a periodic quan-
tity comprises a cycle.

Period—The time required for one cycle of a periodic quantity is the
period. The unit is the second.

Frequency.—The number of cycles occurring per unit of time, or which
would occur per unit of time if all subsequent cycles were identical with
the cycle under consideration, is the frequency. The frequency is the
reciprocal of the period. The unit is the cycle per second.

Octave—An octave is the interval between two frequencies having a
ratio of two to one.

Fundamental Frequency—A fundamental frequency is the lowest com-
ponent frequency of a periodic quantity.

Harmonic.—A harmonic is a component of a periodic quantity which
is an integral multiple of the fundamental frequency. For example, a
component the frequency of which is twice the fundamental frequency is
called the second harmonic.

Basic Frequency—The basic frequency of a periodic quantity is that
frequency which is considered to be the most important. In a driven

4 Approximately one-half of the definitions in this chapter are taken from the
American Standards Association standards. The remainder, which have not
been defined at this time by any standards group, are written to conform with
the analogous existing standards.
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system it would in general be the driving frequency while in most
periodic waves it would correspond to the fundamental frequency.

Subharmonic.—A subharmonic is a component of a periodic quantity
having a frequency which is an integral submultiple of the basic fre-
quency.

Note: The term “subharmonic” is generally applied in the case of a
driven system whose vibration has frequency components of lower fre-
quency than the driving frequency.

Wave—A wave is a propagated disturbance, usually a periodic quan-
tity in an electrical, mechanical or acoustical system.

Wavelength—The wavelength of a periodic wave in an isotropic
medium is the perpendicular distance between two wave fronts in which
the displacements have a phase difference of one complete cycle.

Abvolt—An abvolt is the unit of electromotive force.

Instantaneous Electromotive Force—The instantaneous electromotive
force between two points is the total instantaneous electromotive force.
The unit is the abvolt.

Effective Electromotive Force.—The effective electromotive force is the
root mean square of the instantaneous electromotive force over a com-
plete cycle between two points. The unit is the abvolt.

Maximum Electromotive Force—The maximum electromotive force is
the maximum absolute value of the instantaneous electromotive force
during that cycle. The unit is the abvolt.

Peak Electromotive Force.—The peak electromotive force for any speci-
fied time interval is the maximum absolute value of the instantaneous
electromotive force during that cycle. The unit is the abvolt.

Dyne—A dyne is the unit of force or mechanomotive force.

Instantaneous Force (Instantaneous Mechanomotive Force).—~The in-
stantaneous force at a point is the total instantaneous force. The unit is
the dyne.

Effective Force (Effective Mechanomotive Force) —The effective force is
the root mean square of the instantaneous force over a complete cycle.
The unit is the dyne.

Maximum Force (Maximum Mechanomotive Force)—~The maximum
force is the maximum absolute value of the instantaneous force during
that cycle. The unit is the dyne.

Peak Force (Peak Mechanomotive Force)—The peak force for any
specified interval is the maximum absolute value of the instantaneous
force during that cycle. The unit is the dyne.
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Dyne Centimeter—A dyne centimeter is the unit of torque or rotato-
motive force.

Instantaneous Torque (Instantaneous Rotatomotive Force).—The instan-
taneous torque at a point is the total instantaneous torque. The unit is
the dyne centimeter.

Effective Torque (Effective Rotatomotive Force) —The effective torque is
the root mean square of the instantaneous torque over a complete cycle.
The unit is the dyne centimeter.

Maximum Torque (Maximum Rotaiomotive Force)—The maximum
torque is the maximum absolute value of the instantaneous torque during
that cycle. The unit is the dyne centimeter.

Peak Torque (Peak Rotatomotive Force)—The peak torque for a speci-
fied interval is the maximum absolute value of the instantaneous torque
during that cycle. The unit is the dyne centimeter.

Dyne per Square Centimeter.—A dyne per square centimeter Is the unit
of sound pressure or acoustomotive force.

Static Pressure—The static pressure is the pressure that would exist
in a medium with no sound waves present. The unit is the dyne per
square centimeter.

Instantaneous Sound Pressure (Instantaneous Acoustomotive Force) —
The instantaneous sound pressure at a point is the total instantaneous
pressure at the point minus the static pressure. The unit is the dyne per
square centimeter.

Effective Sound Pressure (Effective Acoustomotive Force).—The effective
sound pressure at a point is the root mean square value of the instantane-
ous sound pressure over a complete cycle at the point. The unit is the
dyne per square centimeter.

Maximum Sound Pressure (Maximum Acoustomotive Force)—The
maximum sound pressure for any given cycle is the maximum absolute
value of the instantaneous sound pressure during that cycle. The unit is
the dyne per square centimeter.

Peak Sound Pressure (Peak Acoustomotive Force)—The peak sound
pressure for any specified time interval is the maximum absolute value
of the instantaneous sound pressure in that interval. The unit is the
dyne per square centimeter.

Abampere—An abampere is the unit of current.

Instantaneous Current.—The instantaneous current at a point is the
total instantaneous current at that point. The unit is the abampere.
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Effective Current—The effective current at a point is the root mean
square value of the instantaneous current over a complete cycle at that
point. The unit is the abampere.

Masximum Current—The maximum current for any given cycle is the
maximum absolute value of the instantaneous current during that cycle.
The unit is the abampere.

Peak Current—The peak current for any specified time interval is the
maximum absolute value of the instantaneous current in that interval,
The unit is the abampere.

Centimeter per Second—A centimeter per second is the unit of velocity.

Instantaneous Velocity—The instantaneous velocity at a point is the
total instantaneous velocity at that point. The unit is the centimeter
per second.

Effective Velocity—The effective velocity at a point is the root mean
square value of the instantaneous velocity over a complete cycle at that
point. The unit is the centimeter per second.

Maximum Velocity—The maximum velocity for any given cycle is the
maximum absolute value of the instantaneous velocity during that cycle.
The unit is the centimeter per second.

Peak Velocity.—The peak velocity for any specified time intetval is the
maximum absolute value of the instantaneous velocity in that interval.
The unit is the centimeter per second.

Radian per Second—A radian per second is the unit of angular
velocity.

Instantaneous Angular Velocity—The instantaneous angular velocity
at a point is the total instantaneous angular velocity at that point. The
unit is the radian per second.

Effective Angular Velocity—The effective angular velocity at a point is
the root mean square value of the instantaneous angular velocity over a
complete cycle at the point. The unit is the radian per second.

Maximum Angular Velocity—The maximum angular velocity for any
given cycle is the maximum absolute value of the instantaneous angular
velocity during that cycle. The unit is the radian per second.

Peak Angular Velocity—The peak angular velocity for any specified
time interval is the maximum absolute value of the instantaneous angular
velocity in that interval. The unit is the radian per second.

Cubic Centimeter per Second.—A cubic centimeter is the unit of volume
current.
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Instantaneous Volume Current—The instantaneous volume current at
a point is the total instantaneous volume current at that point. The unit
is the cubic centimeter per second.

Effective Volume Current.—The effective volume current at a point is
the root mean square value of the instantaneous volume current over a
complete cycle at that point. The unit is the cubic centimeter per
second.

Maximum Volume Current—The maximum volume current for any
given cycle is the maximum absolute value of the instantaneous volume
current during that cycle. The unit is the cubic centimeter per second.

Peak Volume Current.—The peak volume current for any specified
time interval is the maximum absolute value of the instantaneous volume
current in that interval. The unit is the cubic centimeter per second.

Electrical Impedance—FElectrical impedance is the complex quotient
of the alternating electromotive force applied to the system by the result-
ing current. The unit is the abohm.

Electrical Resistance—FElectrical resistance is the real part of the elec-
trical impedance. This is the part responsible for the dissipation of
energy. The unit is the abohm.

Electrical Reactance—Electrical reactance is the imaginary part of the
electrical impedance. The unit is the abohm.

Inductance—Inductance in an electrical system is that coefficient
which, when multiplied by 2= times the frequency, gives the positive
imaginary part of the electrical impedance. The unit is the abhenry.

Electrical Capacitance—Electrical capacitance in an electrical system
is that coeflicient which, when multiplied by 27 times the frequency, is
the reciprocal of the negative imaginary part of the electrical impedance.
The unit is the abfarad.

Mechanical Rectilineal Impedance® (Mechanical Impedance) —Mechan-
ical rectilineal impedance is the complex quotient of the alternating force
applied to the system by the resulting linear velocity in the direction of
the force at its point of application. The unit is the mechanical ohm.

5 The word “mechanical” is ordinarily used as a modifier to designate a
mechanical system with rectilineal displacements and the word “rotational’ is
ordinarily used as a modifier to designate a mechanical system with rotational
displacements. To avoid ambiguity in this book, where both systems are con-
sidered concurrently, the words “mechanical rectilineal” are used as modifiers
to designate a mechanical system with rectilineal displacements and the words
“mechanical rotational” are used as modifiers to designate a mechanical system
with rotational displacements.
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Mechanical Rectilineal Resistance (Mechanical Resistance).—Mechani-
cal rectilineal resistance is the real part of the mechanical rectilineal
impedance. This is the part responsible for the dissipation of energy.
The unit is the mechanical ohm.

Mechanical Rectilineal Reactance (Mechanical Reactance).—Mechanical
rectilineal reactance is the imaginary part of the mechanical rectilineal
impedance. The unit is the mechanical ohm.

Mass—Mass in a mechanical system is that coefficient which, when
multiplied by 2x times the frequency, gives the positive imaginary part
of the mechanical rectilineal impedance. The unit is the gram.

Compliance—Compliance in a mechanical system is that coefficient
which, when multiplied by 2= times the frequency, is the reciprocal of
the negative imaginary part of the mechanical rectilineal impedance.
The unit is the centimeter per dyne.

Mechanical Rotational Impedance ¢ (Rotational Impedance). —Mechani-
cal rotational impedance is the complex quotient of the alternating torque
applied to the system by the resulting angular velocity in the direction of
the torque at its point of application. The unit is the rotational ohm.

Mechanical Rotational Resistance (Rotational Resistance).—Mechanical
rotational resistance is the real part of the mechanical rotational imped-
ance. This is the part responsible for the dissipation of energy. The
unit is the rotational chm.

Mechanical Rotational Reactance (Rotational Reactance).—~—Mechanical
rotational reactance is the imaginary part of the mechanical rotational
impedance. The unit is the rotational ohm.

Moment of Inertia.—Moment of inertia in a mechanical rotational
system is that coefficient which, when multiplied by 27 times the fre-
quency, gives the positive imaginary part of the mechanical rotational
impedance. The unit is the gram centimeter to the second power.

Rotational Compliance—Rotational compliance in a mechanical rota-
tional system is that coefficient which, when multiplied by 2« times the
frequency, is the reciprocal of the negative imaginary part of the mechan-
ical rotational impedance. The unit is the radian per centimeter per
dyne.

Acoustical Impedance—Acoustical impedance is the complex quotient
of the pressure applied to the system by the resulting volume current.
The unit is the acoustical ohm.

6 See footnote 5, page 8.
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Acoustical Resistance—Acoustical resistance is the real part of the
acoustical impedance. This is the part responsible for the dissipation of
energy. The unit is the acoustical ohm.

Acoustical Reactance—Acoustical reactance is the imaginary part of
the acoustical impedance. The unit is the acoustical ohm.

Inertance—Inertance in an acoustical system is that coefficient which,
when multiplied by 2 times the frequency, gives the positive imaginary
part of the acoustical impedance. The unit is the gram per centimeter to
the fourth power.

Acoustical Capacitance—Acoustical capacitance in an acoustical sys-
tem is that coefficient which, when multiplied by 2= times the frequency,
is the reciprocal negative imaginary part of the acoustical impedance.
The unit is the centimeter to the fifth power per dyne.

Element.”—An element or circuit parameter in an electrical system
defines a distinct activity in its part of the circuit. In the same way, an
element in a mechanical rectilineal, mechanical rotational or acoustical
system defines a distinct activity in its part of the system. The elements
in an electrical circuit are electrical resistance, inductance and electrical
capacitance. The elements in a mechanical rectilineal system are
mechanical rectilineal resistance, mass and compliance. The elements in
a mechanical rotational system are mechanical rotational resistance,
moment of inertia, and rotational compliance. The elements in an
acoustical system are acoustical resistance, inertance and acoustical
capacitance.

Electrical System.—An electrical system is a system adapted for the
transmission of electrical currents consisting of one or all of the electrical
elements: electrical resistance, inductance and electrical capacitance.

Mechanical Rectilineal System—A mechanical rectilineal system is a
system adapted for the transmission of linear vibrations consisting of one
or all of the following mechanical rectilineal elements: mechanical recti-
lineal resistance, mass and compliance.

Mechanical Rotational System.—A mechanical rotational system is a
system adapted for the transmission of rotational vibrations consisting of
one or all of the following mechanical rotational elements: mechanical
rotational resistance, moment of inertia and rotational compliance.

Acoustical System.—An acoustical system 1s a system adapted for the
transmission of sound consisting of one or all of the following acoustical
elements: acoustical resistance, inertance and acoustical capacitance.

7 Elements are defined and described in Chapter I1.
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Transducer—A transducer is a device actuated by power from one
system and supplying power in the same or any other form to a second
system. FEither of these systems may be electrical, mechanical or
acoustical.

Transmission—Transmission in a system refers to the transmission of
power, voltage, current, force, velocity, torque, angular velocity, pressure
or volume current.

Transmission Loss (or Gain).—The transmission loss due to a system
joining a load having a given electrical, mechanical rectilineal, mechani-
cal rotational or acoustical impedance and a source having a given
electrical, mechanical rectilineal, mechanical rotational or acoustical
impedance and a given electromotive force, force, torque or pressure is
expressed by the logarithm of the ratio of the power delivered to the load
to the power delivered to the load under some reference condition. For
a loss the reference power is greater. For a gain the reference power is
smaller.

Decibel—The abbreviation db is used for the decibel. The bel is the
fundamental division of a logarithmic scale expressing the ratio of two
amounts of power, the number of bels denoting such a ratio being the
logarithm to the base ten of this ratio. The decibel is one-tenth of a bel.
For example, with P, and P, designating two amounts of power and 7
the number of decibels denoting their ratio

P,
= 10 logio = Py’ , decibels

When the conditions are such that ratios of voltages or ratios of currents
(or analogous quantities such as forces or velocities, torques or angular
velocities, pressures or volume currents) are the square roots of the
corresponding power ratios, the number of decibels by which the corre-
sponding powers differ is expressed by the following formulas:

n=20 loglo , decibels

n =20 logm , decibels

where 71/i5 and e;/e; are the given current and voltage ratios respec-
tively.



CHAPTER 11

ELEMENTS

2.1. Introduction

An element or circuit parameter in an electrical system defines a dis-
tinct activity in its part of the circuit. In an electrical system these
elements are resistance, inductance and capacitance. They are dis-
tinguished from the devices; resistor, inductor and capacitor. A resistor,
inductor and capacitor idealized to have only resistance, inductance and
capacitance is a circuit element. As indicated in the preceding chapter,
the study of mechanical and acoustical systems is facilitated by the
introduction of elements analogous to the elements of an electric circuit.
In this procedure, the first step is to develop the elements in these
vibrating systems. Itis the purpose of this chapter to define and describe
electrical, mechanical rectilineal, mechanical rotational and acoustical
elements.!

2.2. Resistance

A. Electrical Resistance—FElectrical energy is changed into heat by
the passage of an electrical current through a resistance. Energy is lost
by the system when a charge ¢ is driven through a resistance by a voltage
e. Resistance is the circuit element which causes dissipation.

Electrical resistance rg, in abohms, is defined as

2.1

g =

.l

where e = voltage across the resistance, in abvolts, and
i = current through the resistance, in abamperes.

Equation 2.1 states that the electromotive force across an electrical
resistance is proportional to the electrical resistance and the current.

! See footnote 5, page 8.
12
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B. Mechanical Rectilineal Resistance—Mechanical rectilineal energy
is changed into heat by a rectilinear motion which is opposed by linear
resistance (friction). In a mechanical system dissipation is due to fric-
tion. Energy is lost by the system when a mechanical rectilineal resist-
ance is displaced a distance x by a force fy.

Mechanical rectilineal resistance (termed mechanical resistance) rar,
in mechanical ohms, is defined as

M o= 2.2

S
u

where fy = applied mechanical force, in dynes, and
# = velocity at the point of application of the force, in centi-
meters per second.

Equation 2.2 states that the driving force applied to a mechanical
rectilineal resistance is proportional to the mechanical rectilineal resist-
ance and the linear velocity. ‘

C. Mechanical Rotational Resistance—Mechanical rotational energy is
changed into heat by a rotational motion which is opposed by a rotational
resistance (rotational friction). Energy is lost by the system when a
mechanical rotational resistance is displaced by an angle ¢ by a torque fx.

Mechanical rotational resistance (termed rotational resistance) g, in
rotational ohms, is defined as

TR = ZBIE 2.3
where fr = applied torque, in dyne centimeters, and
0 = angular velocity at the point of application about the axis,

in radians per second.

Equation 2.3 states that the driving torque applied to a mechanical
rotational resistance is proportional to the mechanical rotational resist-
ance and the angular velocity.

D. Acoustical Resistance—In an acoustical system dissipation may be
due to the fluid resistance or radiation resistance. At this point the
former type of acoustical resistance will be considered. Acoustical
energy is changed into heat by the passage of a fluid through an acousti-
cal resistance. The resistance is due to viscosity. Energy is lost by the
system when a volume X is driven through an acoustical resistance by a
pressure .
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Acoustical resistance 74, in acoustical ohms, is defined as

4 = g 2.4

where p = pressure, in dynes per square centimeter, and
U = volume current, in cubic centimeters per second.

Equation 2.4 states that the driving pressure applied to an acoustical
resistance is proportional to the acoustical resistance and the volume
current.

The transmission of sound waves or direct currents of air through small
constrictions is primarily governed by acoustical resistance due to
viscosity. A tube of small diameter, a narrow slit, and metal, or cotton
or silk cloth are a few examples of systems which exhibit acoustical
resistance. There is also, in addition to the resistive component, a reac-
tive component. However, the ratio of the two components is a func-
tion of the dimensions. This is illustrated by the following equation for
the acoustic impedance ? of a narrow slit.

_ 12w Gpw
PAE T8 T sy

2.5

where u = viscosity coefficient, 1.86 X 10™* for air, density, in grams
per cubic centimeter,
d = thickness of the slit normal to the direction of flow, in

centimeters,

/ = width of the slit normal to the direction of flow, in centi-
meters,

w = length of the slit in the direction of flow, in centimeters,

w = 2xf, and

J = frequency in cycles per second.

Any ratio of acoustical resistance to acoustical reactance can be
obtained by a suitable value of 4. Then the value of acoustical resistance
can be obtained by an appropriate value of w and /. The same expedient
may be employed in the case of any acoustical resistance in which the
resistance is due to viscosity.

2Qlson, “Elements of Acoustical Engineering,” ). Van Nostrand Co., New
York, 1940.
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2.3. Inductance, Mass, Moment of Inertia, Inertance

A. Inductance.—FElectromagnetic energy 1s associated with induct-
ance. Electromagnetic energy increases as the current in the inductance
increases. It decreases when the current decreases. It remains constant
when the current in the inductance is a constant. Inductance is the
electrical circuit element which opposes a change in current. Inductance
L, in abhenries, is defined as

di

= LE[ 2.6

4

where ¢ = electromotive or driving force, in abvolts, and
di/dt = rate of change of current, in abamperes per second.

Equation 2.6 states that the electromotive force across an inductance
is proportional to the inductance and the rate of change of current.

B. Mass.—Mechanical rectilineal inertial energy is associated with
mass in the mechanical rectilineal system. Mechanical rectilineal energy
increases as the linear velocity of a mass increases, that is, during linear
acceleration. It decreases when the velocity decreases. It remains con-
stant when the velocity is a constant. Mass is the mechanical element
which opposes a change of velocity. Mass 7, in grams, is defined as

du
Ju=m 7 2.7
where du/dr = acceleration, in centimeters per second per second, and
far = driving force, in dynes.

Equation 2.7 states that the driving force applied to the mass is pro-
portional to the mass and the rate of change of linear velocity.

C. Moment of Inertia—Mechanical rotational inertial energy is asso-
ciated with moment of inertia in the mechanical rotational system.
Mechanical rotational energy increases as the angular velocity of a
moment of inertia increases, that is, during angular acceleration. It
decreases when the angular velocity decreases. It remains a constant
when the angular velocity is a constant. Moment of inertia 7, in gram
(centimeter)? is given by

49
Je = IE 2.8
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where d0/dt = angular acceleration, in radians per second per second,
and
Jr = torque, in dyne centimeters.

Equation 2.8 states that the driving torque applied to the moment of
inertia is proportional to the moment of inertia and the rate of change of
angular velocity.

D. Inertance—Acoustical inertial energy is associated with inertance
in the acoustical system. Acoustical energy increases as the volume
current of an inertance increases. It decreases when the volume current
decreases. It remains constant when the volume current is a constant.,
Inertance is the acoustical element that opposes a change in volume
current. Inertance M, in grams per (centimeter)?, is defined as

au
= M— 2.9
2 dt
where M = inertance, in grams per (centimeter),
dU/dt = rate of change of volume current, in cubic centimeters per

second per second, and
2 = driving pressure, in dynes per square centimeter.,
Equation 2.9 states that the driving pressure applied to an inertance is
proportional to the inertance and the rate of change of volume current.
Inertance * may be expressed as
M = K 2.10
where m = mass, in grams,
§ = cross sectional area in square centimeters, over which the
driving pressure acts to drive the mass.

The inertance of a circular tube is

ol

M= R 2.11
where R = radius of the tube, in centimeters,

/ = effective length of the tube, that is, length plus end correc-

tion, in centimeters, and
p = density of the medium in the tube, in grams per cubic centi-

meter.

$ Olson, “Elements of Acoustical Engineering,” D. Van Nostrand Co., New
York, 1940.
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2.4. Electrical Capacitance, Rectilineal Compliance, Rotational Com-
pliance, Acoustical Capacitance

A. Electrical Capacitance—Flectrostatic energy is associated with the
separation of positive and negative charges as in the case of the charges
on the two plates of an electrical capacitance. Electrostatic energy
increases as the charges of opposite polarity are separated. Itisconstant
and stored when the charges remain unchanged. It decreases as the
charges are brought together and the electrostatic energy released.
Electrical capacitance is the electrical circuit element which opposes a
change in voltage. Electrical capacitance Cg, in abfarads, is defined as

de
| = Cg — 2.12
! B ar
Equation 2.12 may be written
1 q
= — idt = - 2.13
e s i s

where ¢ = charge on electrical capacitance, in abcoulombs, and
e = electromotive force, in abvolts.

Equation 2.13 states that the charge on an electrical capacitance is
proportional to the electrical capacitance and the applied electromotive
force.

B. Rectilineal Compliance—Mechanical rectilineal potential energy is
associated with the compression of a spring or compliant element. Me-
chanical energy increases as the spring is compressed. It decreases as the
spring is allowed to expand. It is a constant, and is stored, when the
spring remains immovably compressed. Rectilineal compliance is the
mechanical element which opposes a change in the applied force. Rec-
tilineal compliance Cy (termed compliance) in centimeters per dyne, is
defined as

x

2.14
Caxr

S =
where x = displacement, in centimeters, and
Jar = applied force, in dynes

Equation 2.14 states that the linear displacement of a compliance is
proportional to the compliance and the applied force.
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Stiffness is the reciprocal of compliance.

C. Rotational Compliance—Mechanical rotational potential energy is
associated with the twisting of a spring or compliant element. Mechani-
cal energy increases as the spring is twisted. It decreases as the spring
is allowed to unwind. It is constant, and is stored when the spring
remains immovably twisted. Rotational compliance is the mechanical
element which opposes a change in the applied torque. Rotational
compliance Cg, in radians per centimeter per dyne, is defined as

¢
fo=g 2.15

where ¢ = angular displacement, in radians, and
Jr = applied torque, in dyne centimeters.

Equation 2.15 states that the rotational displacement of the rotational
compliance is proportional to the rotational compliance and the applied
force.

D. Acoustical Capacitance—Acoustical potential energy is associated
with the compression of a fluid or gas. Acoustical energy increases as the
gas is compressed. It decreases as the gas is allowed to expand. It is
constant, and is stored when the gas remains immovably compressed.
Acoustical capacitance is the acoustic element which opposes a change in
the applied pressure. The pressure,* in dynes per square centimeter, in
terms of the condensation, is

p = c2ps 2.16

where ¢ = velocity, in centimeters per second,
p = density, in grams per cubic centimeter, and
s = condensation, defined in equation 2.17.

The condensation in a volume » due to a change in volume from ? to
) g
V'is
vV—v
2

2.17

S

4 QOlson, “Elements of Acoustical Engineering,” p. 9, D. Van Nostrand Co.,
New York, 1940.
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The change in volume » — 77, in cubic centimeters, is equal to the
volume displacement, in cubic centimeters.

V—-rv=Xx 2.18
where X = volume displacement, in cubic centimeters.

From equations 2.16, 2.17, and 2.18 the pressure is

2
_ pc
P = v 2.19
Acoustical capacitance Cy is defined as
= £ 2.20
= Ca .

where p = sound pressure in dynes per square centimeter, and
X = volume displacement, in cubic centimeters.

Equation 2.20 states the volume displacement in an acoustical capaci-
tance is proportional to the pressure and the acoustical capacitance.
From equations 2.19 and 2.20 the acoustical capacitance of a volume is

14
Ci=— 2.21

pc”

where 77 = volume, in cubic centimeters.

2.5. Representation of Electrical, Mechanical Rectilineal, Mechanical
Rotational and Acoustical Elements

Electrical, mechanical rectilineal, mechanical rotational and acoustical
elements have been defined in the preceding sections. Fig. 2.1 illustrates
schematically the four elements in each of the four systems.

The electrical elements, electrical resistance, inductance and electrical
capacitance are represented by the conventional symbols.

Mechanical rectilineal resistance is represented by sliding friction
which causes dissipation. Mechanical rotational resistance is represented
by a wheelwith a sliding friction brake which causes dissipation. Acousti-
cal resistance is represented by narrow slits which causes dissipation due
to viscosity when fluid is forced through the slits. These elements are
analogous to electrical resistance in the electrical system.
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Inertia in the mechanical rectilineal system is represented by a mass.
Moment of inertia in the mechanical rotational system is represented by
a flywheel. Inertance in the acoustical system is represented as the fluid
contained in a tube in which all the particles move with the same phase
when actuated by a force due to pressure. These elements are analogous
to inductance in the electrical system.

r
e T T R
exzxzIInn
=N~ = Ve ccccccrd
I
L M m I
000 - ] 5)p
Ca

Ce Cm Cr

s B
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RECTILINEAL ROTATIONAL

ELECTRICAL ACOUSTICAL MECHANICAL

Fic. 2.1.  Graphical representation of the three basic elements in electrical, mechanical
rectilineal; mechanical rotational and acoustical systems.

rg = electrical re- r4 = acoustical re- 73 = mechanical rg = mechanical ro-
sistance sistance rectilineal tational re-
resistance sistance
L = inductance M = inertance m = mass I = moment of in-

ertia
Cg = electrical ca- €4 = acoustical ca- Cyr = compliance  Cr = rotational com-
pacitance pacitance pliance

Compliance in the mechanical rectilineal system is represented as a
spring. Rotational compliance in the mechanical rotational system is
represented as a spring. Acoustical capacitance in the acoustical system
is represented as a volume which acts as a stiffness or spring element.
These elements are analogous to electrical capacitance in the electrical
system.

In the preceding discussion of electrical, mechanical rectilineal, me-
chanical rotational and acoustical systems it was observed that the four
systems are analogous. As pointed out in the introduction, using the
dynamical concept for flow of electrical currents in electrical circuits the
fundamental laws are of the same nature as those which govern the
dynamics of a moving body. In general, the three fundamental dimen-
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TABLE 2.3
Electrical Mechanical Rectilineal
. . Sym- . . . . Sym- . .
Quantity Unit Dimension| Quantity Unit Dimension
hol bol
Electromo- |y, 10« 108 MYI3T 2| Force Dynes | f MLT-2
tive Force oS ¢ yne M
Charge or B 15734 Linear Dis- R
Quantity Coulombs X 10-1 ¢ M72L placement Centimeters| x L
Linear Centimeters | .
- . 161 L4 _
Current Amperes X 101 i |M72L2T Velocity per Second xorv LT
Electrical . .
Mechanical | Mechanical
Imped- Ohms X 10° iE LT Impedance Ohms au MT=
ance
Electrical . .

. B Mechanical | Mechanical ~
Resist- Ohms X 109 'E LT Resistance Ohms rM MT-1
ance

Electrical Mechanical | Mechanical
9 . LT- -1
Reactance! Ohms X 10 xE Reactance Obms M ur
Inductance Henries X 109 L L Mass Grams m M
Electrical Centimet
Capaci- Farads X 109 Cr L1712 Compliance entumeters Cu M-1T2
per Dyne
tance
Power Ergs per Second | Pg ML2T -3 | Power Esrfcsofjr Py | ML2T3
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TABLE 2.3—Continued
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Mechanical Rotational Acoustical
Quantity Unit Sym- Dimension| Quantity Unit Sym- Dimension
bol bol
Dynes per
Torque Dyne Centimeter| fr ML2T~2 | Pressure Square P ML-T -2
Centimeter
Angular . .
Vol Dis- | Cubic Cen-
Displace- Radians [} 1 oume is ubre Lenk X L3
placement timeters
ment
. Cubic Centi-
Angular Radians per | . Volume .
-1 . _
Velocity Second pord T Current meters per | Xor U} L3T-
Second
Rotational . . .
Rotational Acoustical Acoustical
- -1 —_ -
Imped Ohms R MLT Impedance Ohms 24 | ML=TH
ance
Rotational N . .
Rotational Acoustical Acoustical
Ist- - 2T ~1 - =
Resist Ohms 'R MLT Resistance Ohms r4 | MLHTH
ance
Rotational Rotational 9 Acoustical Acoustical
T -1 -4 -1
Reactance Ohms R ML Reactance Ohms ¥4 | ML™T
Moment of | (Gram) (Cen- Grams per
. . I ML2 Inertance (Centime- M ML
Inertia timeter)?
ter)4
Rotational Radians per Acoustical (Centime-
Compli- Dyne per Cen- | Cr | M -LL-2T2 Capaci- ter)S per Ca | M1LaT2
ance timeter tance Dyne
Power Ergsper Second| Pr | ML!T-3 | Power Ergs per P4 | ML2T -3
Second
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sions are mass, length, and time. These quantities are directly connected
to the mechanical rectilineal system. Other quantities in the mechanical
rectilineal system may be derived in terms of these dimensions. In terms
of analogies the dimensions in the electrical circuit corresponding to
length, mass and time in the mechanical rectilineal system are charge,
self-inductance, and time. The corresponding analogous dimensions in
the rotational mechanical system are angular displacement moment of
inertia, and time. The corresponding analogous dimensions in the acous-
tical system are volume displacement, inertance and time. The above
mentioned fundamental dimensions in each of the four systems are shown
in tabular form in Table 2.1.  Other quantities in each of the four systems
may be expressed in terms of the dimensions of Table 2.1.5 A few of the
most important quantities have been tabulated in Table 2.2. Tables 2.1
and 2.2 depict analogous quantities in each of the four systems. Further,
it shows that the four systems are dynamically analogous.

The dimensions given in Table 2.1 should not be confused with the
classical dimensions of electrical, mechanical and acoustical systems
givenin Table 2.3. Table 2.3 uses mass M, length L and time 7. In the
case of the electrical units dielectric and permeability constants are
assumed to be dimensionless.

® The Tables 2.1, 2.2 and 2.3 deviate from the procedure outlined in footnote 5,
page 8, and list the standard modifiers for all four systems.



CHAPTER 1III

ELECTRICAL, MECHANICAL RECTILINEAL, MECHANICAL
ROTATIONAL, AND ACOUSTICAL SYSTEMS
OF ONE DEGREE OF FREEDOM

3.1. Introduction

In the preceding sections the fundamental elements in each of the four
systems have been defined. From these definitions it is evident that
friction, mass, and compliance govern the movements of physical bodies
in the same manner that resistance, inductance and capacitance govern
the movement of electricity. In any dynamical system there are two
distinct problems; namely, the derivation of the differential equation
from the statement of the problem and the physical laws, and the solu-
tion of the differential equation. It is the purpose of this chapter to
establish and solve the differential equations for electrical, mechanical
rectilineal, mechanical rotational and acoustical systems of one degree
of freedom. These equations will show that the coefficients in the dif-
ferential equation of the electrical system are elements in the electrical
circuit. In the same way the coefficients in the differential equations of
the mechanical rectilineal, mechanical rotational and acoustical systems
may be looked upon as mechanical rectilineal, mechanical rotational or
acoustical elements. In other words, a consideration of the four sys-
tems of a single degree of freedom provides another means of establish-
ing the analogies between electrical, mechanical rectilineal, mechanical
rotational and acoustical systems.

3.2. Description of Systems of One Degree of Freedom

An electrical, mechanical rectilineal, mechanical rotational, and acous-
tical system of one degree of freedom is shown in Fig. 3.1. In one degree
of freedom the activity in every element of the system may be expressed
in terms of one variable. In the electrical system an electromotive force
¢ acts upon an inductance L, an electrical resistance 7z and an electrical

25



26 SYSTEMS OF ONE DEGREE OF FREEDOM

capacitance Cy connected in series. In the mechanical rectilineal sys-
tem a driving force fy acts upon a particle of mass m fastened to a
spring or compliance Cys and sliding upon a plate with a frictional force
which is proportional to the velocity and designated as the mechanical
rectilineal resistance 73. In the mechanical rotational system a driving
torque fr acts upon a flywheel of moment of inertia I connected to a
spring or rotational compliance Cg and the periphery of the wheel sliding
against a brake with a frictional force which is proportional to the
velocity and designated as the mechanical rotational resistance 7z. In
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Fic. 3.1, Electrical, mechanical rectilineal, mechanical rotational and acoustical systems
of one degree of freedom and the current, velocity, angular velocity and volume current
response characteristics.

the acoustical system an impinging sound wave of pressure p acts upon
an inertance M and an acoustical resistance r4 comprising the air in the
tubular opening which is connected to the volume or acoustical capaci-
tance C4. The acoustical resistance 74 is due to viscosity.

The principle of the conservation of energy forms one of the basic
theorems in most sciences. The principle of conservation of energy
states that the total store of energy of all forms remains a constant if
the system is isolated so that it neither receives nor gives out energy;
in case of transfer of energy the total gain or loss from the system is equal
to the loss or gain outside the system. In the electrical, mechanical
rectilineal, mechanical rotational, and acoustical systems energy will be
confined to three forms; namely, kinetic, potential and heat energy.
Kinetic energy of a system is that possessed by virtue of its velocity.
Potential energy of a system is that possessed by virtue of its configura-
tion or deformation. Heat is a transient form of energy. In the four
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systems; electrical, mechanical rectilineal, mechanical rotational, and
acoustical energy is transformed into heat in the dissipative part of
the system. The heat energy is carried away either by conduction or
radiation. The sum of the kinetic, potential, and heat energy during an
interval of time is, by the principle of conservation of energy, equal to
the energy delivered to the system during that interval.

3.3. Kinetic Energy

The kinetic energy Tkg stored in the magnetic field of the electrical
circuit is
Txp = L2 3.1
where L = inductance, in abhenries, and
i = current through the inductance L, in abamperes.

The kinetic energy Tgar stored in the mass of the mechanical recti-
lineal system is
Try = %Wlﬁi‘z 3.2

where m = mass, in grams, and
% = velocity of the mass m, in centimeters per second.

The kinetic energy Tkg stored in the moment of inertia of the mechani-

cal rotational system is
Tkr = 319° 3.3

where 7 = moment of inertia, in gram (centimeter)? and
¢ = angular velocity of 7, in radians per second.

The kinetic energy Txa stored in the inertance of the acoustical

system is ]
Tks = 3MX? 3.4

where M = m/S2, the inertance, in grams per (centimeter)?,

mass of air in the opening, in grams,

cross-sectional area of the opening, in square centimeters,

8% = volume current, in cubic centimeters per second,

velocity of the air particles in the opening, in centimeters
per second.

% >hon ¥
[ Tl

It is assumed that all the air particles in the opening move with the
same phase.
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3.4. Potential Energy

The potential energy Vpg stored in the electrical capacitance of the
electrical circuit is

14
v i .
PE =500 3.5
where Cg = capacitance, in abfarads, and
g = charge on the capacitance, in abcoulombs.

The potential energy Ppyr stored in the compliance or spring of the

mechanical rectilineal system is
2

®

|

Vpar = 3.6

N |
o
Ry

where Cy = 1/5 = compliance of the spring, in centimeters per dyne,
s = stiffness of the spring, in dynes per centimeter, and
» = displacement, in centimeters.

The potential energy pg stored in the rotational compliance or spring
of the mechanical rotational system is

Vpr = 3.7

¢
Cr

l\)l»—l

where Cg = rotational compliance of the spring, in radians per dyne per
centimeter, and
¢ = angular displacement, in radians.

The potential energy »p4 stored in the acoustical capacitance of the
acoustical system is

Vpg = = — .
f 2Ca 3.8

where X = volume displacement, in cubic centimeters,
Ci = V/pc®= acoustical capacitance, in (centimeters)® per dyne,
V = volume of the cavity, in cubic centimeters,
density of air, in grams per cubic centimeter, and
= velocity of sound, in centimeters per second.

)
| N
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The energies stored in the systems is the sum of the kinetic and poten-
tial energy. The total energy stored in the four systems may be written

1 2
Wg = Txp + Veg = 3L + - L 3.9
2 Cg
1 .2 1 x
Wy = Ty + Vey = gmi® + = — 3.10
2 Cyr
1709 1 &%
Wg = Tgkr + Vpr = 310" 4+ - —— 3.11
2 Cg
. 1X?
Wi = Tia + Vpa = 1MX2 4~ 3.12
2Cy,

where Wy, W, Wr, and W4 are the total energies stored in electrical,
mechanical rectilineal, mechanical rotational, and acoustical systems.

The rate of change of energy with respect to time in the four systems
may be written

AWy di g g4
— = L - —_— = L 26 —_— .
dt et st 3.13
AWy
ke mxx + Cu 3.14
dWg v DO
£E_T 2o 1
ar ¢ + Cgr 3.13
s _ MXX + =2 3.16
dt Cy

3.5. Dissipation
The rate at which electromagnetic energy Dg is converted into heat is
Dy = rgi® 3.17

where 74 = electrical resistance, in abohms, and
i = current, in abamperes.

Assume that the frictional force far upon the mass m as it slides back
and forth is proportional to the velocity as follows:

S = rygx 3.18
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where 7y = mechanical resistance, in mechanical chms, and
# = velocity, in centimeters per second.

The rate at which mechanical rectilineal energy Dy is converted into

heat is
Dy = fux = ryi> 3.19

Assume that the frictional torque fz upon the flywheel I as the pe-
riphery of the wheel slides against the brake is proportional to the veloc-
ity as follows:

fe = 1R 3.20

where 7z = mechanical rotational resistance, in rotational ohms, and
¢ = angular velocity, in radians per second.

The rate at which mechanical rotational energy Dp is converted into

heat is
Dr = frd = rrd® 3.21

The acoustical energy is converted into heat by the dissipation due to
viscosity as the fluid is forced through the narrow slits. The rate at
which acoustical energy Dy is converted into heat is

D = raX? 3.22

where 74 = acoustical resistance, in acoustical ohms, and
X = volume current in cubic centimeters per second.

3.6. Equations of Motion

The power delivered to a system must be equal to the rate of kinetic
energy storage plus the rate of potential energy storage plus the power
loss due to dissipation. The rate at which work is done or power de-
livered to the electrical system by the applied electromotive force is
gE&“" = e4. The rate at which work is done or power delivered to the
mechanical rectilineal system by the applied mechanical force is
%#F)r et = fyx. The rate at which work is done or power delivered to
the mechanical rotational system by the applied mechanical torque is
$Fre“t = fré. The rate at which work is done or power delivered to
the acoustical system by the applied sound pressure is XPe*! = pX.

The rate of decrease of energy (Tk + #/p) of the system plus the rate
at which work is done on the system or power delivered to the system
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by the external forces must equal the rate of dissipation of energy.
Writing this sentence mathematically yields the equations of motion for
the four systems.

Electrical
Lgj + rad® + qc—q = Eéot; 3.23
E
Li + rgg + Ci = Edvt 3.24
Y]
Mechanical Rectilineal
mik + ryx? + z,x = Fy s 3.25
M
mE 4+ rark + Ci = Py ot 3.26
M
Mechanical Rotational
13$ + rrd® + ‘g—"’ — Fpd“ty 3.27
R
WL b o
]¢+7’R¢+E = Fgé 3.28
R
Acoustical
MXX + 7'AX2 —|- -C— = Peth 3.29
A
MX + ra X + F = Pt 3.30
A

The steady state solutions of the four differential equations 3.24, 3.26,
3.28 and 3.30 are

Electrical _
it 3.31
1+ jol — 12 FE
Mechanical Rectilineal .
i = L 3.32
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Mechanical Rotational

Jot
R +]w] - % 2
Acoustical
jwi
X = e . Zﬁ 3.34
7A +]wM —_ ]_w_ 4
Cy

The vector electrical impedance is
2p = rg + joL — L 3.35
Cg

The vector mechanical rectilineal impedance is

. Jo
2y = rg -+ jom — 3.36
Cur
The vector mechanical rotational impedance 1s
Zr = Tp —I—]w] —jﬁ 337
Cr
The vector acoustical impedance is
24 = 74 4 joM — L2 3.38
Cy

3.7. Resonant Frequency

For a certain value of L and Cg, m and Cy, I and Cg, and M and Cy
there will be a certain frequency at which the imaginary component of
the impedance is zero. This frequency is called the resonant frequency.
At this frequency the ratio of the current to the applied voltage or the
ratio of the velocity to the applied force or the ratio of the angular
velocity to the applied torque or the ratio of the volume current to the
applied pressure is a maximum. At the resonant frequency the current
and voltage, the velocity and force, the angular velocity and torque,
and the volume current and pressure are in phase.
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The resonant frequency f, in the four systems is

Electrical
1
p = 3.39
/ 27r\/LCE
Mechanical Rectilineal
1
= 3.40
f 27r V mCM
Mechanical Rotational
1
= == 3.41
% 20V ICq
Acoustical
1
= ————— 3.42
/ 20V MCy

3.8. Kirchhoff’s Law and D’Alembert’s Principle !

Kirchhoff’s electromotive force law plays the same role in setting up
the electrical equations as ID’Alembert’s principle does in setting up
mechanical and acoustical equations. It is the purpose of this section
to obtain the differential equations of electrical, mechanical rectilineal,
mechanical rotational and acoustical systems employing Kirchhoff’s
law and D’Alembert’s principle.

Kirchhoff’s law is as follows: The algebraic sum of the electromotive
forces around a closed circuit is zero. The differential equations for
electric circuits with lumped elements may be set up employing Kirch-
hoff’s law. The electromotive forces due to the elements in an electric

circuit are

. . di d?%q
Electromotive force of self-inductance = ~L— = —L—> 3.43
dt dat
) } ) ) d
Electromotive force of electrical resistance = —rgi =— rg :lgt 3.44
Electromotive force of electrical capacitance = — o 3.45
¥

In addition to the above electromotive forces are the electromotive
forces applied externally.

1 D’Alembert’s principle as used here may be said to be a modified form of
Newton’s second law.
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The above law may be used to derive the differential equation for the
electrical circuit of Fig. 3.1. From Kirchhoft’s law the algebraic sum of
the electromotive forces around the circuit is zero. The equation may
be written

di
Ld 4+ rgi + FE = Eert 3.46

where ¢ = E&“! = the external applied electromotive force.

Equation 3.46 may be written

S &% d .
~ 7+ e + 4 gt 3.47

and is the same as equation 3.24.

The differential equations for mechanical systems may be set up
employing D’Alembert’s principle; namely, the algebraic sum of the
forces applied to a body is zero.

The mechanical forces due to the elements in a mechanical rectilineal
system are

) ) d%x
Mechanomotive force of mass reaction = —m pE 3.48
Mechanomotive force of mechanical rectilineal resistance =
dx
—ry— 3.49
dr
Mechanomotive force of mechanical compliance = — o 3.50
M

In addition to the above mechanomotive forces are the mechano-
motive forces applied externally.

The above principle may be used to derive the differential equation of
the mechanical rectilineal system of Fig. 3.1. From D’Alembert’s
principle the algebraic sum of the forces applied to a body is zero. The
equation may be written

d2x dx

12 + v — + —x— = FMejwt 3.51

dr [ll

where fyr = Fir ™ = external applied mechanical force.
PP
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Equation 3.51 is the same as equation 3.26.

D’Alembert’s principle may be applied to the mechanical rotational
system. The rotational mechanical forces due to the elements in a
mechanical rotational system are

_ — . ¢
Rotatomotive force of moment of inertia reaction = — I;z 3.52
Rotatomotive force of mechanical rotational resistance =

de
—VR 3.53
dt

. . ) ¢
Rotatomotive force of rotational compliance = — o 3.54

R

In addition to the above rotatomotive forces are the rotatomotive
forces applied externally.

Applying D’Alembert’s principle the equation for the rotational sys-
tem of Fig. 3.1 may be written

d2 )
d2 —I— TR + -V = FREJM 3.55
R

where fp = Fre'®t = external applied torque.

Fquation 3.55 is the same as equation 3.28.
D’Alembert’s principle may be applied to the acoustical system.
The acoustical pressures due to the elements in an acoustical system are

d?°X
Acoustomotive force of inertive reaction = — Md—t 3.56
dx
Acoustomotive force of acoustical resistance = — ry — = 3.57
Acoustomotive force of acoustical capacitance = — C. 3.58
A

In addition to the above acoustomotive forces are the acoustomo-
tive forces applied externally.
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Applying D’Alembert’s principle, the equation for the acoustical
system of Fig. 3.1 may be written

a2X X X .
— i = _ Jwt
M~y +ra g + o= Pe 3.59

where p = P! = external applied pressure.

Equation 3.59 is the same as equation 3.30.

Equations 3.43 to 3.59, inclusively, further illustrate the analogies
between electrical, mechanical rectilineal, mechanical rotational, and
acoustical systems.



CHAPTER 1V

ELECTRICAL, MECHANICAL RECTILINEAL, MECHANICAL
ROTATIONAL AND ACOUSTICAL SYSTEMS OF TWO
AND THREE DEGREES OF FREEDOM

4.1. Introduction

The analogies between the four types of vibrating systems of one
degree of freedom have been considered in the preceding chapter. It is
the purpose of this section to extend these analogies to systems of two
and three degrees of freedom. In this chapter the differential equations
for the four systems will be obtained from the expressions for the kinetic
and potential energies, the dissipation and the application of Lagrange’s
equations.

4.2. Two Degrees of Freedom

The first consideration will be the systems shown in Fig. 4.1. In the
electrical system an electromotive force acts upon an electrical capaci-
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Fic. 4.1. Electrical, mechanical rectilineal, mechanical rotational and acoustical systems
of two degrees of freedom and the input current, velocity, angular velocity and volume
current response characteristics.

tance Cg shunted by an inductance L and an electrical resistance 7z in
serles. In the mechanical rectilineal system a driving force acts upon a
37
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spring or compliance Cy; connected to a mass 7 sliding upon a plate with
a frictional force which is proportional to the velocity and designated as
the mechanical rectilineal resistance 73r. In the mechanical rotational
system a driving torque acts upon a spring or rotational compliance Cg
connected to a flywheel of moment of inertia 7 and with the periphery of
the wheel sliding against a brake with a frictional force which is propor-
tional to the velocity and designated as the mechanical rotational resist-
ance 7g. In the acoustical system a driving pressure p acts upon a
volume or acoustical capacitance C4 connected to a tubular opening
communicating with free space. The mass of fluid in the opening is the
inertance M and the fluid resistance produced by the slits is the acousti-
cal resistance 74.

4.3. Kinetic Energy
The kinetic energy Tgg stored in the magnetic field of the electrical
circuit is
Txr = 3L4s° 4.1
where L. = inductance, in abhenries, and
g3 = 73 = current, in branch 3, in abamperes.

The kinetic energy Txas stored in the mass of the mechanical rectilineal
system is
TKM = %7}1232 42

where m = mass, in grams, and
#3 = velocity of the mass m, in centimeters per second.

The kinetic energy Tkr stored in the moment of inertia of the mechani-
cal rotational system is
Txr = 316" 4.3
where I = moment of inertia, in gram (centimeter)? and
¢3 = angular velocity of 7, in radians per second.

The kinetic energy Txa4 stored in the inertance of the acoustical sys-

tem is ]
Tka = 3MX32 4.4

where M = inertance, in grams per (centimeter)* and
X3 = volume current, in cubic centimeters per second.
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4.4. Potential Energy

The potential energy Vpg stored in the electric field of the electrical
circuit is

©
n

NSRS
o

Vpp = 4.5
where Cg = capacitance, in abfarads, and
g2 = charge on the electrical capacitance, in abcoulombs.

The potential energy Vpys stored in the compliance or spring of the
mechanical rectilineal system is

Vey = - — 4.6

where Cyr = compliance of the spring, in centimeters per dyne, and
¥y = displacement, in centimeters.

The potential energy Vpg stored in the rotational compliance or spring
of the mechanical rotational system is
1 ¢
Vep = 5 - .
2 Cr 4.7
where Cp = rotational compliance of the spring, in radians per dyne per
centimeter, and
@2 = angular displacement, in radians.

The potential energy Fp4 stored in the acoustical capacitance of the
acoustical system is

Vpa = 152 4.8
PA =5 .
2Cy
where C4 = acoustical capacitance, in (centimeter)® per dyne, and
X, = volume displacement, in cubic centimeters.

4.5. Dissipation

The rate at which electromagnetic energy Dg is converted into heat is

Dg = rgis® = rpgs? 4.9

where 7g = electrical resistance, in ohms, and
i3 = g3 = current, in abamperes.
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The rate at which mechanical rectilineal energy Dy is converted into
heat is
Dy = raris® 4.10

where 7y = mechanical rectilineal resistance, in mechanical chms, and
%3 = velocity, in centimeters per second.

The rate at which mechanical rotational energy Dg is converted into
heat is

DR = 7'R(2>32 4.11

where rg = mechanical rotational resistance, in rotational ohms, and
¢3 = angular velocity, in radians per second.

The rate at which acoustical energy D4 is converted into heat is
DA = VAX32 4.12

where 74 = acoustical resistance, in acoustical ohms, and
X3 = volume current, in cubic centimeters per second.

4.6. Equations of Motion

Lagrange’s equations for the four systems are as follows:

Electrical
-V
s wrn aw
where #» = number independent coordinates.
Mechanical Rectilineal
a[(aT HT—-V) 13D
— ) — 4+ - — = farn 4.14
ot (ax,) it t3 EYR Ju
Mechanical Rotational
8 (3T\ (T — V) 18D
=)+ — = frn 4.15
ot (6¢n> o6 20, T
Acoustical
d(oT T —V) 1D
N =) === =, 4.1
o (ax) ax,  Taex, 2 6
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4.7. The Electrical System
Applying Lagrange’s equation 4.13,

e = Lz + regs 4.17
g2
== 4.18
e C

The electromotive force applied to the inductance and electrical re-
sistance in series is given by equation 4.17. The electromotive force
applied to the electrical capacitance in terms of the displacement is
given by equation 4.18.

The relation for the currents in Fig. 4.1 is

i1 =iy + i3 4.19
Equation 4.19 may be written

gt = g2+ 4¢3 or 4.20

g1=g2+ g3 4.21

4.8. The Mechanical Rectilineal System
Applying Lagrange’s equation 4.14,

f)[ = mXs + ryxs 4.22
X2
Ju = C 4.23

The force applied to the mass and mechanical rectilineal resistance is
given by equation 4.22. The force applied to the spring in terms of the
displacement is given by equation 4.23.

The linear displacement, at fy, in the mechanical rectilineal system
of Fig. 4.1 is the sum of the displacement of the mass m and the dis-
placement of the compliance Cy;.

X1 = X2 + X3 4.24

Differentiating equation 4.24 with respect to the time the velocities

are
»92'1 = .95‘2 + 9.63 4.25
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4.9. The Mechanical Rotational System
Applying Lagrange’s equation 4.15,

S =1d3 + rres 4.26
o2
Jr = Ca 4,27

The torque applied to the flywheel and mechanical rotational resist-
ance is given by equation 4.26. The torque applied to the spring is
given by equation 4.27.

The angular displacement, at fg, in the mechanical rectilineal system
of Fig. 4.1 is the sum of the angular displacement of the flywheel 7 and
the angular displacement of the rotational compliance Cg.

b1 = ¢2 + o3 4.28

Differentiating equation 4.28 with respect to the time the angular
velocities are

$1 = ¢2 + ¢3 4.29
4.10. The Acoustical System
Applying Lagrange’s equation 4.16,

P =MX; + raXs 4.30
X
P=C. 4.31

The pressure applied to the inertance and acoustical resistance is
given by equation 4.30. The pressure applied to the acoustical capaci-
tance in terms of the volume displacement is given by equation 4.31.

The volume displacement, at p, in the acoustical system, Fig. 4.1, is
the sum of the volume displacement of the inertance M and the volume
displacement of the acoustic capacitance Cy.

X1 =X+ X; 4.32

The volume displacement X is the volume displacement of the vibrat-
ing piston. The vibrating piston is not a part of the acoustical system.
It is merely the sound pressure source which produces the sound pres-
sure p.
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Differentiating equation 4.32 with respect to the time the volume
currents are

X] = Xg + Xg 433

4.11. Comparison of the Four Systems

A comparison of the coefficients of equations 4.1 to 4.33, inclusive,
shows again that resistance, inductance, and capacitance are analogous
to mechanical rectilineal resistance, mass, and compliance in the mechan-
ical rectilineal system, to mechanical rotational resistance, moment of
inertia and rotational compliance in the mechanical rotational system,
and to acoustical resistance, inertance and acoustic capacitance in the
acoustical system. A comparison of equations 4.19, 4.25, 4.29 and 4.33
shows that currents in the electrical system are analogous to velocities
in the mechanical rectilineal system, to angular velocities in the mechan-
ical rotational system, and to volume currents in the acoustical system.

The current 73 through the inductance L and electrical resistance g,

Fig. 4.1, is given by .

=— 4.34
YE +]wL
The total current 7, is given by
1
¢ (7"E + jol + T)
i = JT L 4.35
(rg + jol) ——
JoCg
The current 75 through the electrical capacitance Cg is
iz = i] - i3 = €ijE 4.36
The linear velocity #3 of the mass 7 and mechanical rectilineal resist-
ance, ri, Fig. 4.1, is given b.y Fut
A3 = —"——— 4.37
M —f—jwm

The linear velocity #; at fas is given by

1
Jar (7’M + jowm 4 - >
- Jelor 4.38

X1

(rar + jom) =
Jwlar
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The velocity #s, the difference in linear velocity between the two ends
of the spring Cy, is given by

Ko = &1 — X3 = farjwCyyr 4.39

The angular velocity ¢3 of the moment of inertia 7 and mechanical
rotational resistance 7, Fig. 4.1, is given by

. e
¢z = o + jol 4.40
The total angular velocity ¢; at fz is given by
. 1
Sr (7’13 + jol + T)
b1 = fl“’ L 4.41
(FR —{—ij)]wTR

The angular velocity ¢z, the difference in angular velocity between the
two ends of the spring Cg, is given by

$2 = $1 — b3 = frjwCr 4.42

The volume current Xj through the inertance M and the acoustic

resistance 74, Fig. 4.1, is given by
?

X3 = ——F— 4,43
8 74 -I—]wM

The total volume current X, at p is given by

. 1
? (7’A + jwM + —C>
Jota 4.44

X, = 1
M) ——
(ra +Jjo )jw C.
The volume current X,, the difference between the volume currents at

the input and output to the acoustical capacitance, is

XQ = Xl — X3 = pijA 445
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4.12. Electrical Inductive and Capacitive Coupled Systems of Two
Degrees of Freedom and the Mechanical Rectilineal, Mechani-
cal Rotational and Acoustical Analogies

It is the purpose of this section to show two additional electrical
arrangements of two degrees of freedom and the mechanical rectilineal !
mechanical rotation and acoustical analogies.

The electrical impedances 2g1, 2z2 and zg3 in terms of the elements of
Fig. 4.2 are as follows:

. 1
21 = rg1 + Joly 4 - 4.46
]wCE‘I
1 4.47
2ge = .
30 7aCas

Z2E3 = TEg +ij2 + 4.48

ijEg

FREQUENCY

ACOUSTICAL

ROTATIONAL

MECHANICAL

F16.4.2. A capacitive coupled electrical system of two degrees of freedom and the
mechanical rectilineal, mechanical rotational and acoustical analogies. The graph
depicts the output response frequency characteristic.

! For an explanation of the shunt mechanical rectilineal and mechanical rota-
tional systems of Figs. 4.2 and 4.3, see pages 53, 54, 55 and 56 and Fig. 5.1 of
Chapter V.
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The mechanical rectilineal impedances 2371, zar2 and 23 in terms of
the elements of Fig. 4.2 are as follows:

2a1 = rann + jomy 4 - 4.49
]"-’CMl
1
= 4.50
2M2 ijMZ
2ms = Mz + joms + 4.51

JwCus

The mechanical rotational impedances 2g1, 2g2 and 2gs in terms of the
elements of IVig. 4.2 are as follows:

; 1
2p1 = a1 + ol + - 4.52
]wCRl
1
= 4.53
2 ./WCRz
2R3 = tRe + Jjwls + - 4.54
JwCr3

The acoustical impedances 241, 242, and 243 in terms of the elements of
Fig. 4.2 are as follows:

241 = 741 + JoMy + ; 4.55
]WCAI
1
= 4.
ZA2 ijA2 56
243 = rag + juMs + 4.57

JwCy3

The system in Fig. 4.3 is the same as that of Fig. 4.2 save that the
shunt electrical capacitance, compliance, rotational compliance and
acoustical capacitance, Cga, Cyr2, Cr2 and Cys, are replaced by the shunt
inductance, mass, moment of inertia and inertance Ly, my, I3 and M.

The shunt electrical, mechanical rectilineal, mechanical rotational and
acoustical shunt impedances are

ZE2 =ij2 458
Mg = Jwily 4.59
2R2 =jw]2 4.60

Z49 = jwM2 4.61
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The current in the branch 2z is

¢(2ms 4 2m3) 462
2g12e2 + 2E1283 + 2E22E3

=

The velocity of the mass m; is

JSar(zare + 2ar3)

Xy o= 4.63
12z + 2mizms + 2are%ma
Zg Zes
L Co o, L3 Ce2
e Zzzé‘-z
1
ELECTRICAL
\ FREQUENCY

ACOUSTICAL

ROTATIONAL

MECHANICAL

Fic. 4.3. An inductive coupled electrical system of two degrees of freedom and the
mechanical rectilineal, mechanical rotational and acoustical analogies. The graph
depicts the output response frequency characteristic.

The angular velocity of the moment of inertia I is

PO 1C - k) 4.64

2R12R2 T 2R1ZR3 + 2R2ZR3

The volume current of the inertance M; 1s

P(z42 + 243)

241242 + 241243 T 242243

X: = 4.65
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The current in the branch zgs is
E2E9

i = 4.66
2m1282 + 2B1%83 + 2E22E3
The velocity of the mass mj3 is
. M2ZM2
2122 + Zm1zms + 2uezMs
The angular velocity of the moment of inertia /5 is
. R2R2
3 = / 4.68
2R1ZR2 + 2R1%R3 1 ZR2ZR3
The volume current of the inertance Mj is
. PZ42
Xz = 4.69

 Z41Zaz + 241243 + Zaz24s
The response frequency characteristic of the system is shown in
Figs. 4.2 and 4.3.
4.13. Electrical, Mechanical Rectilineal, Mechanical Rotational and
Acoustical Systems of Three Degrees of Freedom

Systems of three degrees of freedom are shown in Fig. 4.4. Following
the procedures outlined in the preceding sections it can be shown that

il by L2

14 Cmi 2

X, Cm Xa
o f \/\l\/‘“j\/\/\r'm .

3

RECTILINEAL

Car b I Cpra ¢ 12

4

ROTATIONAL

ACOUSTICAL

MECHANICAL

Fic. 44. Electrical, mechanical rectilineal, mechanical rotational and acoustical systems
of three degrees of freedom.

Ly, Ly, Cg1, Crg and g in the electrical system are equivalent to my, ma,
Car1, Carz and 77 in the mechanical rectilineal system, to /1, I3, Cr1, Cra
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and »g in the mechanical rotational system and to M, My, Ca1, Ca2
and r4 in the acoustical system. These equations also show that 7,
i1, i2, 73 and 74 in the electrical system are equivalent to Ko, &1, X2, X3
and #4 in the mechanical rectilineal system, to os D1, ¢>2, &3 and ¢4 1n
the mechanical rotational system and to Xp, X;, Xa, X3 and to X in
the acoustical system.

The current 7y, the linear velocity %, the angular velocity ¢o and the
volume current X, are given by

el(zi1 + 2m2) (283 + 284) + 2m3284]
1 470
Hg
Jullzar + 2u2) (2rs + 2are) + 2ar32004]
= 4.71
Hy
%o _ Jel(zr1 + 2r2) (2rs + 2R4) + 2R3%R4) 479
Hg
X, = Pl(zar + 249)(za3 + 244) + 243244] 4T3
Hy
h - 2R1 = 1 474 4.75
where 2y = ijEl R1 = ijR1 . .
Z2E2 =ij1 2R = jwjl 4.76 4.77
_ 1 rpe = 478 479
" 7 joCra #7 joCra e
%E4 = TE +ij2 Zr2 = TR +jw[2 4.80 4.81
1 P 1 4.82 4.83
21 = = - ) )
M1 JoCrnt 41 JuCay
ZM2 =jwm1 242 = jle 484 4.85
1 2 1 4.86 4.87
203 = = = - } )
M3 JoCurg 43 JwCas

e = 1y + jomg 244 = 14 + JoM, 4.88 4.89
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Hg = zp12p32es + 281262(2E3 + 2E4) 4.90
Hy = z2anzuszus + 2m12me(2us + 2ars) 4.91
Hr = 2r12R3%R4 + 2R12R2(2R3 + 2R4) 4.92
Hy = 241243244 + 241242243 + 244) 4.93

The current iy, the linear velocity %1, the angular ¢; and the volume
current #; are given by

_ elzm2(zp3 + zm4) + 2m32R4]

1y = He 4.94
4 = Sulzara(zars + 2ara) + 2ar32ar4] 4.95
Hy
3 = Srlzr2(zr3 + 2R4) + 2R3%R4] 4.96
Hg
X, = Plzas(zag + 244) + 243244] 4.97

Hy

The current 75, the linear velocity %z, the angular velocity ¢g, and the
volume current X, are given by

ezg1(2ms + 2g4)

iy = Ha 4.98
%o __:fMZMl(ZM3 + 2ar4) 4.99
Hy
, =fRZR1(ZR3 + 2r4) 4100
Hg
X, = P2a1(243 -+ 244) 4101

Hy
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The current 73, the linear velocity %3, the angular velocity ¢ and the
volume current Xj are given by

iy = 52’;;%‘ 4.102
iy = f‘L;gIZy—“ 4.103
3 =fiz§—[§i‘ 4.104
Xy = Z’Z"H—j‘“4 4.105

The current 4, the linear velocity %4, the angular velocity ¢, and the
volume current X, are given by

iy = -"—z%j@ 4.106
4 =f‘—”zgi;m 4.107
s =[’33]’_?%“ 4.108
X, = p‘%f“—?‘ 4.109

The equations in this section show that the equations for the electri-
cal, mechanical rectilineal, mechanical rotational and acoustical systems
are similar and analogous.



CHAPTER V
CORRECTIVE NETWORKS

5.1. Introduction

A corrective network is a structure which has a transmission char-
acteristic that is more or less gradual in slope. Such a characteristic is
obtained when an inductance, electrical capacitance or the combination
of both is shunted across a line.! Another type of corrective network 1s
an inductance, electrical capacitance or combination of both connected
in series with a line. Resistance may be introduced as a second or third
element in either shunt or series corrective networks. Various types of
resistance networks may be used as attenuators or for matching dissimi-
lar impedances. It is the purpose of this chapter to illustrate further
analogies between electrical, mechanical rectilineal, mechanical rota-
tional, and acoustical systems having similar transmission characteristics.

5.2. Two Electrical, Mechanical Rectilineal, Mechanical Rotational or
Acoustical Impedances in Parallel

Two electrical impedances 2y and 22 are shown in parallel in Fig. 5.1.
The electrical impedance zg7 of the two electrical impedances in parallel
is given by

2R12E2
2y = ———— 5.1
o 21 T 2E2

The electromotive force e across zgr is also the electromotive force
across 2g1 and 2gs.
The total current 77 is the vector sum of the currents 7; and 7y as
follows:
it =1 + iy 5.2
1The term “line” is used in this chapter to designate an electrical network
which, prior to the introduction of the corrective network, consisted of a gen-

erator in series with two electrical impedances, termed the input and output
electrical impedances.

52
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If zg» is made infinite the current 7, in this branch is zero and the total
current flows in zgy, that is, i7 = 4;. In the same way if 2z; is made
infinite the current 7; in this branch is zero and the total current flows
in zge, that is, ip = is.

The mechanical rectilineal system, Fig. 5.1, consists of a system of
rigid massless levers and links with frictionless bearings at the connecting

[_—_T— Zyt X,
- K 2 5

e Zgr Zgx ©

. . f, Xp fu
iy }‘e ’{l. o 1oa = Zar
ZEI

l ‘2| i,
3 6
ZM2<T-—== Ly
2
ELECTRICAL
ESTETTTTITIKEITITNNICGR
PZarXy o PX, Zu
§ X §
Zaz
ACOUSTICAL

ROTATIONAL

MECHANICAL

Fic. 5.1. Two electrical impedances connected in parallel and the mechanical rectilineal,
mechanical rotational and acoustical analogies.

points. The member 1, 2, 3 1s a lever or inflexible rod. The member
4,5, 6 is also a lever or inflexible rod. The bearing 6 at the lower end of
the lever 4, 5, 6 is connected to a rigid support. The driving force is
connected by a link to point I on the lever 1,2, 3. Thelink 2, 5 connects
the mid point of the lever 1, 2, 3 with the mid point of the lever 4, 5, 6.
A link connects the impedance 25 to point 3 of the lever 1, 2, 3. Alink
connects the impedance 21 to 4 of the lever 4, 3, 6.

Since the levers and links are massless and rigid the same force far
exists at points 4 and 3 for driving the mechanical impedances 2371 and
zare at these points. This is analogous to the same electromotive force
across the impedances zg; and zpp in the electrical circuit.
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The linear displacement x7 at I (for small amplitudes) is equal to the
vector sum of the displacements x; and &, of points 3 and 4, respectively.

Xp = X1 + X2 5.3
Differentiating equation 5.3,

That is, the linear velocity &7 at 1 1s equal to the vector sum of the linear
velocities #; and #2 at points 4 and 3, respectively. Equation 5.4 is
analogous to equation 5.2 for the electrical system.

Since the same force fy exists at points 3 and 4 as the driving point
and further since the velocity at 1 is the vector sum of the velocities at
points 3 and 4, the mechanical impedances zir» and 27y at points 3 and 4,
respectively, must be in parallel. That is, the mechanical impedance

zyr at point I 1s Sar1Zars o

2T =
21 + 22

If 2372 is made infinite there can be no motion at point 3 and therefore
the system behaves the same as if 237, were connected to the point 1.
In the same way if zi; is made infinite there is no motion at point 4 and
the system behaves the same as if zars were connected directly to the
point 1.

The mechanical rotational system, Fig. 5.1, consists of a system of
planetary ? gears. The diameters of gears I and 2 are equal. The inside
diameter of the large gear 3 is three times the gears 7 and 2. The outside
diameter of the gear 4 is three times that of gear 5. The diameter of
gear 6 is four times that of gear 7. Gear 2 is free to rotate on its shaft.

2 Practically all rotational systems which connect two mechanical rotational
systems in parallel are of the epicyclic train type. In this book the planetary
system is used to depict and illustrate a rotational system which connects me-
chanical rotational impedances in parallel. There are other examples of epicyclic
trains which connect mechanical rotational impedances in parallel, as for ex-
ample, the differential used in automobiles and tractors, shown schematically in
Fig. 5.14. The gear 2is keyed to the shaft /. The gear 2 drives the ring gear 3.
The gears £ and 9 rotate on bearings in the ring gear 3. The ring gear 3 rotates
freely on the shaft 8. Gears £ and 9 drive the gears 5 and 6. Gears 5 and 6 are
keyed to the shafts 7 and &, respectively. The diameter of gear 2 is one-half of
the diameter of ring gear 3. With these specifications the differential of Fig.
5.14 performs the same function as the planetary system of Flg 5.1 with the

same relations existing between f, ér, ¢1, ng, 2rT, 2r1 and 2ge in both illustra-
tions.
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The large gear 3-4 is free to rotate with its axis coincident with gear 1.
The remainder of the gears are keyed to the respective shafts. Under
these conditions if gear 7 is held stationary the angular displacement of
gear 5 is the same as the driving gear 1. Or if 5 is held stationary the
angular displacement of gear 7 is the same as the driving gear 1. In all
the considerations which follow it is assumed that the ratios for the

END VIEW PLAN VIEW

Fic. 5.14. Differential gear train which connects two mechanical rotational impedances
in parallel. This system accomplishes the same results as the planetary system of

Fig. 5.1.

various gears are as outlined above. In addition it is assumed that all
the gears are massless and that all the bearings are frictionless.

Since the gears are massless, the torque at gears 7 and 5 for driving the
rotational impedances 2g; and 2ge is the same as the applied torque.
This is analogous to the same electromotive force across the impedances
21 and 2gs 1n the electrical circuit.

The angular displacement ¢ at gear I is equal to the vector sum of the
angular displacement at ¢; and ¢s of the gears 7 and 5, respectively.

or = ¢1 + P 5.6
Differentiating equation 5.6,
ér = ¢1 + ¢2 5.7

That is, the angular velocity ¢r at I is equal to the vector sum of the
angular velocities ¢» and ¢, at the gears 5 and 7, respectively. Equation
5.7 is analogous to equation 5.2 for the electrical system.
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Since the same torque f exists at gears 5 and 7 as the driving point
and, further, since the angular velocity at gear [ is the vector sum of the
angular velocities at gears 5 and 7, the rotational impedances zg2 and
zr1 at gears 7 and 5, respectively, must be in parallel. That is, the mechan-
ical rotational impedance 2rr at gear I is

. 2R12R2
RT = ——— —
2r1 1 2p2

If 2ps is made infinite there can be no motion at gear 5 and therefore
the system behaves the same as if zp; were connected to the shaft of
gear I. In the same way, if 2g; is made infinite there is no motion at
gear 7 and the system behaves the same as if zge were connected directly
to the shaft of gear 1.

The acoustical system of Fig. 5.1 consists of a three way connector.
The dimensions are assumed to be small compared to the wavelength.
Therefore, the pressure which actuates the two acoustical impedances is
the same as the driving pressure. The total volume current Xr is the
vector sum of the volume current X, and Xy, that is

Xp = Xl -+ Xz 5.9

5.8

Equation 5.9 is analogous to equation 5.2 for the electrical system.
The input acoustical impedance is

241242
24y = —————— 5.10

If 242 is made infinite, there is no volume current in this branch and of
course 247 becomes z41. In the same way if 247 1s made infinite 247
becomes 245. Thus it will be seen that the acoustical system of Fig. 5.1
is analogous to the electrical system of Fig. 5.1.

5.3. Shunt Corrective Networks

In a shunt corrective electrical network an electrical resistance, induct-
ance, electrical capacitance or a combination of these elements is shunted
across a line.?

3 The term ““line” is used to designate an electrical network which prior to the
introduction of the corrective electrical network consisted of a generator in
series with two electrical impedances zg; and zgs, termed the input and output
electrical impedances. The shunt corrective electrical network zg» is connected
in parallel with the output electrical impedance zgs.
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The output current i3 of a line shunted by an electrical network 1s
given by

. (2925
iy = 5.11
zg12e2 + 2E1%283 + 2E22E3

where 2y = input electrical impedance,
electrical impedance of the corrective electrical network,
output electrical impedance, or the electrical impedance
connected in shunt with the network, and
¢ = electromotive force in series with the input electrical imped-
ance.

2E2
23

The output velocity 43 of a mechanical rectilineal network which is
analogous to the shunt electrical network is given by

Surzare 512
2ar12are2 + 2arzas -+ 223

where zy; = input mechanical rectilineal impedance,
2y = mechanical rectilineal impedance of the corrective mechani-
cal rectilineal network,
zus = output mechanical rectilineal impedance, and
Jar = mechanical driving force in series with the input mechanical
rectilineal impedance.

The output angular velocity ¢3 of a mechanical rotational network
which 1s analogous to the shunt electrical network is given by

. SRR
¢y = 5.13
2r12r2 + 2R12R3 + ZR2ZR3

where zg; = input mechanical rotational impedance,
zrz = mechanical rotational impedance of the corrective mechan-
ical rotational network,
zr3 = output mechanical rotational impedance, and
Jr = driving torque in series with the input rotational imped-
ance.
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The output volume current X5 of an acoustical network which is
analogous to the shunt electrical network is given by

- PEa2 5.14
3 - .
241242 1 241243 + 242243

I

where 241 = input acoustical impedance,
242 = acoustical impedance of the corrective network,
243 = output acoustical impedance, and
p = driving pressure in series with the input acoustical imped-
ance.

5.4. Inductance in Shunt with a Line and the Mechanical Rectilineal,
Mechanical Rotational and Acoustical Analogies

In Fig. 5.2 an inductance is shunted across a line. The electrical
impedance of an inductance is
ZE2 = ij 5.15
where w = 2nf,
f = frequency, in cycles per second, and
L = inductance, in abhenries.

Equations 5.11 and 5.15 show that if the electrical impedance of the
inductance is small compared to the input and output electrical imped-
ances, the transmission will be small. If the electrical impedance of the
inductance is large compared to the input and output electrical imped-
ances, the attenuation introduced by the inductance will be negligible.
Since the electrical impedance of an inductance is proportional to the
frequency, the transmission will increase with frequency as shown by the
characteristic * of Fig. 5.2.

The mechanical rectilineal impedance of the mass in Fig. 5.2 is

2y = jw?’}’l 516
where m = mass, in grams.

When the mass reactance in the mechanical rectilineal system of Fig.
5.2 is small compared to the load or driving mechanical rectilineal imped-

4 The verbal description and the depicted transmission frequency character-
istics in this chapter tacitly assume preponderately resistive input and output
impedances. Of course the equations are valid for any kind of input and out-
put impedances.
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ance, equations 5.12 and 5.16 show that the velocity of the mass will be
relatively large and there will be very little velocity transmitted to the
load. If the mass reactance is comparatively large the mass will remain
practically stationary and the behavior will be the same as a directly
coupled system. Since the mechanical rectilineal impedance of a mass is
proportional to the frequency, the transmission will increase with fre-
quency as shown by the characteristic of Fig. 5.2.

L
[m]
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o
@
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<
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Fic. 5.2. Inductance in shunt with a line and the mechanical rectilineal, mechanical
rotational and acoustical analogies. The graph depicts the transmission frequency
characteristic.

The mechanical rotational impedance of the flywheel in Fig. 5.2 is
Zra2 = jw[ 5.17
where 7 = moment of inertia, in gram (centimeter)?.

When the moment of inertia reactance in the mechanical rotational
system of Fig. 5.2 is small compared to the load or driving mechanical
rotational impedance, equations 5.13 and 5.17 show that the angular
velocity of the flywheel will be relatively large and there will be very
little angular velocity transmitted to the load. If the moment of inertia
reactance is comparatively large the flywheel will remain practically sta-
tionary and the behavior will be the same as a directly coupled system.
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Since the mechanical rotational impedance of a moment of inertia is
proportional to the frequency, the transmission will increase with fre-
quency as shown by the characteristic of Fig. 5.2.

The acoustical system of Fig. 5.2 consists of a pipe with a side branch
forming an inertance. The acoustical impedance of the inertance in
Fig. 5.2 1s

242 = jwM 5.18

where M = inertance, in grams per (centimeter)®.

Equations 5.14 and 5.18 show that at low frequencies the acoustical
reactance of the inertance is small compared to the acoustical impedance
of the pipe and the sound is shunted out through the hole. At high fre-
quencies the acoustical reactance of the inertance is large compared to
the acoustical impedance of the pipe and the sound wave flows down the
pipe the same as it would in the absence of a branch. Since the acoustical
impedance of an inertance is proportional to the frequency, the transmis-
sion will increase with frequency as shown by the characteristic of

Fig. 5.2.

5.5. Electrical Capacitance in Shunt with a Line and the Mechanical
Rectilineal, Mechanical Rotational and Acoustical Analogies

In Fig. 5.3 an electrical capacitance is shunted across a line. The
electrical impedance of an electrical capacitance is

1

— 1
e 5.19

Zp2 =

where Cg = electrical capacitance, in abfarads.

The electrical reactance of an electrical capacitance is inversely propor-
tional to the frequency. Therefore, from equations 5.11 and 5.19 the
transmission will decrease with increase in frequency as shown by the
characteristic of Fig. 5.3.

The mechanical rectilineal impedance of the compliance in Fig. 5.3 is

1

— 5.20
JwCy

Iz =

where Cy = compliance, in centimeters per dyne.
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The mechanical rectilineal reactance of the compliance of the recti-
lineal system, Fig. 5.3, is inversely proportional to the frequency. Equa-
tions 5.12 and 5.20 show that at low frequencies the velocity at the input
to the compliance will be small and the behavior will be practically the
same as that of a directly coupled system. At high frequencies the
velocity of the compliance will be practically the same as the input
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Fic. 5.3, Electrical capacitance in shunt with a line and the mechanical rectilineal,

mechanical rotational and acoustical analogies. The graph depicts the transmission
frequency characteristic.

velocity and there will be very little velocity transmitted to the load.
The transmission characteristic of this system obtained from equations
5.12 and 5.20 is shown in Fig. 5.3.
The mechanical rotational impedance of the rotational compliance
of Fig. 5.3 is
1

=T 5.21
JuCr

2R2

where Cp = rotational compliance, in radians per dyne per centimeter.

The mechanical rotational impedance of the rotational compliance of
the mechanical rotational system of Fig. 5.3 is inversely proportional to
the frequency. Fquations 5.13 and 5.21 show that at low frequencies
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the angular velocity at the input to the rotational compliance will be
small and the behavior will be practically the same as that of a directly
coupled system. At high frequencies the angular velocity of the rota-
tional compliance will be the same as the input angular velocity and
there will be very little angular velocity transmitted to the load. The
transmission characteristic of this system obtained from equations 5.13
and 5.21 is shown in Fig. 5.3.

The acoustical system of Fig. 5.3 consists of a pipe with an enlarged
portion forming an acoustical capacitance. The acoustical impedance of
an acoustical capacitance is

5.22

1
Zqg = ———
A2 jwCa

where C4 = acoustical capacitance, in (centimeter)’ per dyne.

At low frequencies the acoustical reactance of the acoustical capaci-
tance is large compared to the impedance of the pipe and the sound
flows down the pipe the same as it would in the absence of the enlarge-
ment. At high frequencies the acoustical reactance of the acoustical
capacitance is small compared to the acoustical impedance of the pipe
and the sound is shunted out by the enlargement. Since the acoustical
reactance is inversely proportional to the frequency, equations 5.14 and
5.22 show that the transmission will decrease with frequency as shown by
the characteristic of Fig. 5.3.

5.6. Inductance and Electrical Capacitance in Series, in Shunt with a
Line and the Mechanical Rectilineal, Mechanical Rotational and
Acoustical Analogies

Fig. 5.4 shows an inductance and electrical capacitance connected
in series across a line. The mechanical rectilineal, mechanical rota-
tional, and acoustical analogies are also shown in Fig. 5.4.

The electrical impedance of the electrical network is

1

2Eg = jolL 4 - 5.23
_](.OCE

where L = inductance, in abhenries, and
Cr = electrical capacitance, in abfarads.

The output current can be obtained from equations 5.11 and 5.23.
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The mechanical rectilineal impedance of the mechanical rectilineal
system 1s

Zare = Jom + 5.24

JwCir

where 7 = mass, in grams, and
Cy = compliance, in centimeters per dyne.

The output velocity can be obtained from equations 5.12 and 5.24.
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Fic. 5.4. Inductance and electrical capacitance in series, in shunt with a line and the
mechanical rectilineal, mechanical rotational and acoustical analogies. The graph
depicts the transmission frequency characteristic.

The mechanical rotational impedance of the mechanical rotational
system 1s

1
2R2 =jw] + e 5.25
ijR

where 7 = moment of inertia, in gram (centimeter)?, and
Cr = rotational compliance, in radians per dyne per centimeter.

The output angular velocity can be obtained from equations 5.13 and
5.25.
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The acoustical impedance of the acoustical system is

1

242 = JuM + - 5.26
]wCA

where M = inertance, in grams per (centimeter)?, and
C4 = acoustical capacitance, in (centimeter)” per dyne.

The output volume current can be obtained from equations 5.14 and
5.26.

At low frequencies the four systems behave the same as those of
Fig. 5.3 and there is very little attenuation. At high frequencies the
systems behave the same as those of Fig. 5.2 and there is very little
attenuation. At the resonant frequency of the inductance and the elec-
trical capacitance the electrical impedance is zero and equations 5.11 and
5.23 show that there is no transmission at this frequency. At the reso-
nant frequency of the mass and compliance no motion is transmitted be-
cause the force required to drive the resonant system is zero. Equations
5.12 and 5.24 also show that there is no transmission at the resonant
frequency of the mass and compliance. At the resonant frequency of the
moment of inertia and rotational compliance no angular motion is trans-
mitted because the torque required to actuate the resonant system is
zero. Equations 5.13 and 5.25 also show that there is no transmission at
the resonant frequency of the moment of inertia and rotational compli-
ance. At the resonant frequency of the inertance and acoustical capaci-
tance there will be no transmission because the pressure at the input to
the resonator is zero. Equations 5.14 and 5.26 also show that there is no
transmission at the resonant frequency of the inertance and acoustical
capacitance. The transmission characteristics of the four systems are
shown in Fig. 5.4.

5.7. Inductance and Electrical Capacitance in Parallel, in Shunt with
a Line and the Mechanical Rectilineal, Mechanical Rotational and
Acoustical Analogies

Fig. 5.5 shows an inductance and electrical capacitance connected in
parallel across a line. The mechanical rectilineal, mechanical rotational
and acoustical equivalents are also shown in Fig. 5.5.
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The electrical impedance of the electrical network of Fig. 5.5 is
JolL

R — 27
1 — W?LCy 5

Rp2 =

where L = inductance, in abhenries, and
Cr = electrical capacitance, in abfarads.

The output current can be obtained from equations 5.11 and 5.27.
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Fic. 5.5. Inductance and electrical capacitance in parallel, in shunt with a line and the
mechanical rectilineal, mechanical rotational and acoustical analogies. The graph
depicts the transmission frequency characteristic.

The mechanical rectilineal impedance of the mechanical rectilineal
system of Fig. 5.5 1s
Jwm

5.28

M2 = T 9
1 — w277’lC3[

Il

where m = mass, in grams, and

Cyr = compliance, in centimeters per dyne.

The output velocity can be obtained from equations 5.12 and 5.28.
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The mechanical rotational impedance of the mechanical rotational
system of Fig. 5.5 1s
Jol

S - 2
2= I 529

where 7 = moment of inertia, in gram (centimeter)?, and
Cr = rotational compliance, in radians per dyne per centimeter.

The output angular velocity can be obtained from equations 5.13 and
5.29.
The acoustical impedance of the acoustical system of Fig. 5.5 1s

joM

=T oM >0

ZA2

where M = inertance, in grams per (centimeter)*, and
Ca = acoustical capacitance, in (centimeter)® per dyne.

The output volume current can be obtained from equations 5.14 and
5.30.

At low frequencies the systems behave the same as those of Fig. 5.2
and the transmission is small. At high frequencies the systems behave
the same as those of Fig. 5.3 and the transmission is again small. At the
resonant frequency of the inductance and electrical capacitance the elec-
trical impedance is infinite and equations 5.11 and 5.27 show that the
shunt circuit introduces no attenuation at the resonant frequency. At
the resonant frequency of the mass and compliance the input to the
spring does not move because the mechanical rectilineal impedance is
infinite and the behavior is the same as a directly coupled system. FEqua-
tions 5.12 and 5.28 also show that there is no attenuation due to the
shunt system at the resonant frequency of the mass and compliance. At
the resonant frequency of the moment of inertia with the rotational com-
pliance the input to the spring will not turn because the mechanical rota-
tional impedance is infinite and the behavior is the same as a directly
coupled system. Equations 5.13 and 5.29 also show that there is no
attenuation due to the shunt system at the resonant frequency. At the
resonant frequency of the inertance and acoustical capacitance the input
volume current is zero because the acoustical impedance is infinite and
the behavior is the same as a plain pipe. Equations 5.14 and 5.30 also
show that there is no attenuation due to the shunt system at the reso-
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nant frequency. The transmission characteristics of the four systems
are shown in Fig. 5.5.

5.8. Electrical Resistance, Inductance and Electrical Capacitance in
Series, in Shunt with a Line and the Mechanical Rectilineal,
Mechanical Rotational and Acoustical Analogies

Fig. 5.6 shows an electrical resistance, inductance and electrical capac-
itance in series, in shunt with aline. The mechanical rectilineal, mechan-
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Fic. 5.6. Electrical resistance, inductance and electrical capacitance in series, in shunt
with a line and the mechanical rectilineal, mechanical rotational and acoustical analogies.
The graph depicts the transmission frequency characteristic.

ical rotational and acoustical analogies are also shown in Fig. 5.6. The
electrical impedance of the electrical network 1s

. 1
2Es = TE +]wL —i—]wTE 5.31

where 7z = electrical resistance, in abohms,
L = inductance, in abhenries, and
Cg = clectrical capacitance, in abfarads.

The output current can be obtained from equations 5.11 and 5.31.
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The mechanical rectilineal impedance of the mechanical rectilineal
system is

. 1
22 = g + jom + - 5.32
JwCyr
where 7y = mechanical rectilineal resistance, in mechanical ohms,
m = mass, in grams,
Cyr = compliance, in centimeters per dyne.

The output velocity can be obtained from equations 5.12 and 5.32.
The mechanical rotational impedance of the mechanical rotational
system is
. 1
Spe = 1R F jol + - 5.33
ijR
where 7z = mechanical rotational resistance, in rotational chms,
I = moment of inertia, in gram (centimeter)?, and
Cr = rotational compliance, in radians per dyne per centimeter.

The output rotational velocity can be obtained from equations 5.13
and 5.33.
The acoustical impedance of the acoustical system is

1
= iwM 34
249 = 74 + Jw +ijA 5.3

where 74 = acoustical resistance, in acoustical ohms,
M = inertance, in grams per (centimeter)?, and
C4 = acoustical capacitance, in (centimeter)® per dyne.

The output volume current can be obtained from equations 5.14 and
5.34.

At low frequencies the systems behave the same as those of Fig. 5.3
and there is very little attenuation. At high frequencies the systems
behave the same as those of Fig. 5.2 and there is very little attenuation.
At the resonant frequency of the inductance and electrical capacitance
the electrical reactance is zero. Therefore, from equations 5.11 and 5.31
the transmission as influenced by the network is governed by the elec-
trical resistance. At the resonant frequency of the mass and compliance
the mechanical rectilineal reactance is zero. Therefore, from equations
5.12 and 5.32 the transmission as influenced by the mechanical rectilineal
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system is governed by the mechanical rectilineal resistance. At the
resonant frequency of the moment of inertia and rotational compliance
the mechanical rotational reactance is zero. Therefore, from equations
5.13 and 5.33 the transmission as influenced by the mechanical rotational
system is governed by the mechanical rotational resistance. At the
resonant frequency of the inertance and acoustical capacitance the
acoustical reactance is zero. Therefore, from equations 5.14 and 5.34
the transmission as influenced by the acoustical system is governed by
the acoustical resistance. The transmission characteristic of these sys-
tems is shown in Fig. 5.6. This characteristic at the high and low fre-
quencies is the same as that of Fig. 5.4. However, in the region of reso-
nance the resistance in each of the four systems decreases the attenua-
tion as depicted by the transmission characteristic of Fig. 5.6.

5.9. Electrical Resistance, Inductance and Electrical Capacitance in
Paralle]l, in Shunt with a Line and the Mechanical Rectilineal,
Mechanical Rotational and Acoustical Analogies

Fig. 5.7 shows an electrical resistance, inductance and electrical capaci-
tance connected in parallel across a line. The mechanical rectilineal,
mechanical rotational and acoustical analogies are also shown in Fig. 5.7,
The electrical impedance of the electrical network is

jerL
g — wQVELCE —1—ij

5.35

2p2 =

where 7z = electrical resistance, in abohms,
L = inductance, in abhenries, and
Cy = electrical capacitance, in abfarads.

The output current can be obtained from equations 5.11 and 5.35.
The mechanical rectilineal impedance of the mechanical system 1s

Jwryrm

22 = 5.36

ry — wermCAu +jwm

where 737 = mechanical rectilineal resistance, in mechanical ohms,
m = mass, in grams, and
Cyr = compliance, in centimeters per dyne.

The output velocity can be obtained from equations 5.12 and 5.36.
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The mechanical rotational impedance of the rotational system is
jer[

YR — werICR —i—_]w[

where 7 = mechanical rotational resistance, in rotational ohms,

I = moment of inertia, in gram (centimeter)?, and
Cr = rotational compliance, in radians per dyne per centimeter.

5.37

2R2 =

The output rotational velocity can be obtained from equations 5.13
and 5.37.
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Fic. 5.7.  Flectrical resistance, inductance and electrical capacitance in parallel, in shunt
with a line and the mechanical rectilineal, mechanical rotational and acoustical analogies.
The graph depicts the transmission frequency characteristic.

The acoustical impedance of the acoustical system is

JoraM 5138
242 = : .
Y4 — w27'AMCA —{—]wM
where 74 = acoustical resistance, in acoustical ohms,
M = inertance, in grams per (centimeter)*, and
C4 = acoustical capacitance, in (centimeter)® per dyne.

The output volume current can be obtained from equations 5.14 and
5.38.
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At low frequencies the systems behave the same as those of Fig. 5.2
and the transmission i1s small. At high frequencies the systems behave
the same as those of Fig. 5.3 and the transmission is again small. At the
resonant frequency the electrical reactance is infinite and therefore from
equations 5.11 and 5.35 the attenuation is due to the electrical resistance.
At the resonant frequency of the mass and compliance, Fig. 5.7, the
mechanical rectilineal reactance is infinite and therefore from equations
5.12 and 5.36 the attenuation is due to the mechanical rectilineal resist-
ance. At the resonant frequency of the moment of inertia and rotational
compliance, Fig. 5.7, the mechanical rotational reactance is infinite and
from equations 5.13 and 5.37 the attenuation is due to the mechanical
rotational resistance. At the resonant frequency of the inertance and
acoustical capacitance, Fig. 5.7, the acoustical reactance is infinite and
from equations 5.14 and 5.38 the attenuation is due to the acoustical
resistance. The transmission characteristic of these systems is shown in
Fig. 5.7. This characteristic at the low and high frequencies is the same
as that of Fig. 5.5. However, in the region of resonance the resistance in
each of the four systems introduces attenuation as depicted by the
transmission characteristic of Fig. 5.7.

b.10. Series Corrective Networks

In a series electrical network an electrical resistance, inductance, elec-
trical capacitance or a combination of these elements is connected in
series with a line.?

The output current 73 of a line containing a series electrical network is
given by .
fg = ———— 5.39

21 + 2E2 + 23
where zg; = input electrical impedance,
zpg = electrical impedance of the corrective electrical network,
2g3 = output electrical impedance, and
e = electromotive force in series with the three electrical im-
pedances.

{

>The term “line” is used to designate an electrical network which prior to
the introduction of the corrective electrical network consisted of a generator in
series with two electrical impedances 2p; and zgs, termed the input and output
electrical impedances. The series corrective electrical network 2zs 1s connected
in series with the input and output electrical impedances zg; and zg3.
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The output velocity &3 of a mechanical rectilineal network which is
analogous to the series electrical network is given by
S

9&'3 = 5.40
2a1 + 22 + 2u3

where zy; = input mechanical rectilineal impedance,
zyra = mechanical rectilineal impedance of the corrective mechan-
ical rectilineal network,
zy3 = output mechanical rectilineal impedance, and
Jar = mechanical driving force in series with mechanical imped-
ances.
The output angular velocity ¢3 of a mechanical rotational network
which is analogous to the series electrical network is given by
PO — 5.41
5 2+ 2re + s ’
where zp; = input mechanical rotational impedance,
2pz = mechanical rotational impedance of the corrective mechani-
cal rotational network,
2r3 = output mechanical rotational impedance, and
fr = rotational driving torque in series with the mechanical
impedances.

The output volume current X3 of an acoustical network which is
analogous to the series electrical network is given by

_r
241 + 242 + 243

Xy = 5.42
where z4; = input acoustical impedance,
242 = acoustical impedance of the corrective acoustical network,
z43 = output acoustical impedance, and
p = driving pressure in series with the acoustical impedances.

5.11. Inductance in Series with a Line and the Mechanical Rectilineal,
Mechanical Rotational and Acoustical Analogies

In Fig. 5.8 an inductance is connected in series with a line. The elec-
trical impedance of the inductance is

zpy = jwl 543

where L = inductance, in abhenries.
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Equations 5.39 and 5.43 show that if the electrical impedance of the
inductance is small compared to the input and output electrical imped-
ances the attenuation introduced by the inductance will be small. If the
electrical impedance of the inductance is large compared to the input
and output electrical impedances the current transmission will be small.
Since the electrical impedance of an inductance is proportional to the
frequency, the transmission will decrease with frequency as shown in
Fig. 5.8.
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Fic. 5.8. Inductance in series with a line and the mechanical rectilineal, mechanical
rotational and acoustical analogies. The graph depicts the transmission frequency
characteristic.

The mechanical rectilineal impedance of the mass in Fig. 5.8 is

Zug = Jom 5.44
where 7 = mass, in grams.

In the mechanical rectilineal system of Fig. 5.8 equations 5.40 and
5.44 show that if the mass reactance is small compared to the load or
driving mechanical rectilineal impedance the addition of the mass will
cause very little reduction in the velocity transmitted to the load. If
the mass reactance is comparatively large the mass will remain practi-
cally stationary and the velocity transmitted to the load will be small.
Since the mechanical rectilineal impedance of a mass is proportional to
the frequency, the transmission will decrease with frequency as shown by
the characteristic of Fig. 5.8.

The mechanical rotational impedance of the flywheel in Fig. 5.8 is

2pe = jol 5.45

where J = moment of inertia, in gram (centimeters)?.
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In the mechanical rotational system of Fig. 5.8 equations 5.41 and 5.45
show that if the moment of inertia reactance is small compared to the
load or driving mechanical rectilineal impedance the addition of the mo-
ment of inertia will cause very little reduction in the angular velocity
transmitted to the load. If the moment of inertia reactance is compara-
tively large the flywheel will remain practically stationary and the veloc-
ity transmitted to the load will be small. Since the mechanical rotational
impedance of a moment of inertia is proportional to the frequency, the
transmission will decrease with frequency as shown by the characteristic
of Fig. 5.48.

The acoustical system of Fig. 5.8 consists of a pipe with a constriction
which forms an inertance. The acoustical impedance of the inertance in
Fig. 5.8 is

242 = jwM 5.46

where M = inertance, in grams per (centimeter)®.

Equations 5.42 and 5.46 show that at the low frequencies where the
acoustical impedance of an inertance is small compared to input and out-
put acoustical impedances the attenuation introduced by the inertance
is small. At the high frequencies the acoustical impedance of the inert-
ance is large and the transmission is small. Since the acoustical imped-
ance of an inertance is proportional to the frequency the transmission will
decrease with frequency as shown by the characteristic of Fig. 5.8.

5.12. Electrical Capacitance in Series with a Line and the Mechanical
Rectilineal, Mechanical Rotational and Acoustical Analogies

In Fig. 5.9 an electrical capacitance is connected in series with a line.
The electrical impedance of the electrical capacitance of Fig. 5.9 is

1
= - 5.47
2E2 jwCa

where Cg = electrical capacitance, in abfarads.

Equation 5.39 shows that if the electrical impedance of the electrical
capacitance is large compared to the input or output electrical imped-
ances, the attenuation introduced by the electrical capacitance will be
large. If the electrical impedance of the electrical capacitance is small
compared to the input and output electrical impedances the attenuation
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will be small. Since the electrical impedance of an electrical capacitance
is inversely proportional to the frequency, as shown by equation 5.47,
the transmission will increase with frequency as shown in Fig. 5.9.

The mechanical rectilineal impedance of Fig. 5.9 is

1
JwCay

5.48

22 =

where Cy; = compliance, in centimeters per dyne.
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Fic. 5.9. Electrical capacitance in series with a line and the mechanical rectilineal,
mechanical rotational and acoustical analogies. The graph depicts the transmission
frequency characteristic.

Equation 5.48 shows that the mechanical impedance of the compliance
of the mechanical rectilineal system of Fig. 5.9 is inversely proportional
to the frequency. FEquations 5.40 and 5.48 show that at low frequencies
the input velocity to the compliance is relatively small and there will be
little transmission. At high frequencies the input velocity to the compli-
ance is relatively large and therefore it introduces very little impedance
to motion. Therefore the transmission characteristic will be shown in
Fig. 5.9.

The mechanical rotational impedance of Fig. 5.9 is

1
fpe = T 5.49

joCr

where Cj = rotational compliance, in radians per dyne per centimeter.
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Equation 5.49 shows that the mechanical rotational impedance of the
rotational compliance of the mechanical rotational system of Fig. 5.9 is
inversely proportional to the frequency. Equations 5.41 and 5.48 show
that at the low frequencies the input angular velocity to the rotational
compliance is relatively small and the transmission is low. At the high
frequencies the angular velocity of the rotational compliance is relatively
large and it introduces very little impedance to motion. Therefore the
transmission characteristic will be as shown in Fig. 5.9.

There is no simple purely acoustical system which is analogous to an
electrical capacitance in series with a line. The analogy shown in Fig.
5.9 consists of a stiffness controlled diaphragm, that is, the mass of the
diaphragm is small and the stiffness high so that the frequency range
under consideration is well below the natural resonant frequency of the
diaphragm and suspension. The acoustical capacitance of this system is

Cy = Cy$? 5.50
where C4 = acoustical capacitance, in (centimeter)® per dyne,

Cyr = compliance of the suspension system, in centimeters per
dyne, and

§ = area of the diaphragm, in square centimeters.
The acoustical impedance of Fig. 5.9 is
1
242 = JoCa 5.51

where C4 = acoustical capacitance of equation 5.50.

It will be seen that this system will not transmit a steady flow of a gas
in the same way that the electrical circuit of Fig. 5.9 will not transmit
direct current. Equation 5.51 shows that the acoustical impedance of an
acoustical capacitance is inversely proportional to the frequency. Equa-
tions 5.42 and 5.51 show that the transmission will increase with increase
of the frequency as shown by the characteristic of Fig. 5.9.

5.13. Inductance and Electrical Capacitance in Series with a Line and
the Mechanical Rectilineal, Mechanical Rotational, and Acous-
tical Analogies

Fig. 5.10 shows an inductance and acoustical capacitance connected in
series with a line. The mechanical rectilineal, mechanical rotational and

acoustical analogies are also shown in Fig. 5.10.
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The electrical impedance of the electrical network of Fig. 5.10 is

1
s = jol + —— 5.52
]wCE

where L = inductance, in abhenries, and
Cr = electrical capacitance, in abfarads.

The output current can be obtained from equations 5.39 and 5.52.
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F1c. 5.10. Inductance and electrical capacitance in series with a line and the mechanical
rectilineal, mechanical rotational and acoustical analogies. The graph depicts the
transmission frequency characteristic.

The mechanical rectilineal impedance of the mechanical rectilineal
system of Fig. 5.10 is

1
22 = Jom = 553
JwCyr

where m = mass, in grams, and
Cy = compliance, in centimeters per dyne.

The output velocity can be obtained from equations 5.40 and 5.53.
The mechanical rotational impedance of the mechanical rotational
system of Fig. 5.10 is |

2pe = jol + ——- 5.54
ijR

where / = moment of inertia, in gram (centimeter)?, and
Cr = rotational compliance, in radians per dyne per centimeter.
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The output angular velocity can be obtained from equations 5.41 and
5.54.

The acoustical impedance of the acoustical system of Fig. 5.10 is
1

Zag = JoM + - 5.55
JwCy

where M = inertance, in grams per (centimeter)?, and
C. = acoustical capacitance, in (centimeter)® per dyne.

The expression for the acoustical capacitance is given by equation 5.50.

The output volume current can be obtained from equations 5.42 and
5.55.

At low frequencies the four systems behave the same as those of Fig.
5.9 and the transmission is small. At high frequencies the systems
behave the same as those of Fig. 5.8, and again the transmission is small.
At the resonant frequency of the inductance and electrical capacitance
the electrical impedance of these two elements in series is zero and equa-
tions 5.39 and 5.52 show that the series circuit introduces no attenuation.
At the resonant frequency of the mass and compliance the force required
to drive the resonant system is zero and therefore the attenuation intro-
duced by the system is zero. Equations 5.40 and 5.53 also show that the
attenuation is zero at the resonant frequency of the mass and compliance.
At the resonant frequency of the moment of inertia and rotational com-
pliance the torque required to drive the resonant system is zero and
therefore the attenuation introduced by the system is zero. Equations
5.41 and 5.54 also show that the attenuation is zero at the resonant fre-
quency of the moment of inertia and rotational compliance. At the reso-
nant frequency of the inertance and acoustical capacitance the pressure
required to actuate the resonant system is zero. Equations 5.42 and 5.55
also show that the attenuation introduced by the system is zero. The
transmission characteristics of the four systems are shown in Fig. 5.10.

5.14. Inductance and Electrical Capacitance in Parallel, in Series with
a Line and the Mechanical Rectilineal, Mechanical Rotational
and Acoustical Analogies

Fig. 5.11 shows an inductance and electrical capacitance in parallel
connected in series with a line. The mechanical rectilineal, mechanical
rotational and acoustical analogies are also shown in Fig. 5.11.
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The electrical impedance of the electrical network of Fig. 5.11 1s
JjoL

=1 LG 5.56

2E2

where L = inductance, in abhenries, and
Cg = electrical capacitance, in abfarads.

The output current can be obtained from equations 5.39 and 5.56.
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Fic. 5.11. Inductance and electrical capacitance in parallel, in series with a linc and the
mechanical rectilineal, mechanical rotational and acoustical analogies. The graph
depicts the transmission frequency characteristic.

The mechanical rectilineal impedance of the mechanical rectilineal
system of Fig. 5.11 is
Jom

5.57

22 = T o
1 — wszM
where m = mass, in grams, and

Cy = compliance, in centimeters per dyne.

The output velocity can be obtained from equations 5.40 and 5.57.
The mechanical rotational impedance of the mechanical rotational
system of Kig. 5.11 1s
Jwl
ZR9

o = m 5.58
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where I = moment of inertia, in grams (centimeter)?, and
Cr = rotational compliance, in radians per dyne per centimeter.

The output angular velocity can be obtained from equations 5.41 and
5.58.
The acoustical impedance of the acoustical system of Fig. 5.11 1s

j(&hM

aEEUIYoR >

242

where M = inertance, in grams per (centimeter)*, and
C4 = acoustical capacitance, in (centimeter)® per dyne.

The output volume current can be obtained from equations 5.42 and
5.59.

At low frequencies the systems behave the same as those of Fig. 5.8
and the attenuation is small. At high frequencies the systems behave
the same as those of Fig. 5.9 and again the attenuation is small. At the
resonant frequency of the inductance and electrical capacitance the elec-
trical impedance is infinite and equations 5.39 and 5.56 show that there
is no transmission. At the resonant frequency of the mass and compli-
ance of Fig. 5.11 the mechanical rectilineal impedance is infinite and the
input to the spring does not move. Equations 5.40 and 5.57 show that
there is no transmission at this frequency. At the resonant frequency of
the moment of inertia and rotational compliance of Fig. 5.11 the mechan-
ical rotational impedance is infinite and the input to the spring does not
rotate. Equations 5.41 and 5.58 show that there is no transmission at
this frequency. At the resonant frequency of the inertance and acousti-
cal capacitance of Fig.5.11equation 5.59 shows that the acoustical imped-
ance is infinite. Equation 5.42 shows that there is no transmission at
this frequency. The transmission characteristics of the four systems are
shown in Fig. 5.11.

5.15. Electrical Resistance, Inductance and Electrical Capacitance in
Series with a Line and the Mechanical Rectilineal, Mechanical
Rotational and Acoustical Analogies

Fig. 5.12 shows an electrical resistance, inductance and electrical
capacitance in series with a line. The mechanical rectilineal, mechanical
rotational and acoustical analogies are also shown in Fig. 5.12.
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The electrical impedance of the electrical network of Fig. 5.12 is

1
Z2p9 — VE +]wL 4+ — 560
]wCE

where rg = electrical resistance, in abohms,
I, = inductance, in abhenries, and
Cg = capacitance, in abfarads.

The output current can be obtained from equations 5.39 and 5.60.
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Fic. 5.12. FElectrical resistance, inductance and electrical capacitance in series with a line
and the mechanical rectilineal, mechanical rotational and acoustical analogies. The
graph depicts the transmission frequency characteristic.

The mechanical rectilineal impedance of the mechanical system of
Fig. 5.121s

. 1
2yre = rar + jom + - 5.61
JwCar
where 73y = mechanical rectilineal resistance, in mechanical ohms,
m = mass, in grams,
Cyr = compliance, 1n centimeters per dyne.

The output velocity can be obtained from equations 5.40 and 5.61.
The mechanical rotational impedance of the mechanical rotational

system is

2pe = 1R + jwl 4+ 5.62

JwCr
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where 7g = mechanical rotational resistance, in rotational ochms,
I = moment of inertia, in gram (centimeter)?, and
Cr = rotational compliance, in radians per dyne per centimeter.

The output rotational velocity can be obtained from equations 5.41
and 5.62.
The acoustical impedance of the acoustical system of Fig. 5.12 is

1
249 = 14 + joM + — 5.63
]0.)

where r4 = acoustical resistance, in acoustical ochms,
M = inertance, in grams per (centimeter)?, and
C4 = acoustical capacitance, in (centimeter)® per dyne.

The output volume current can be obtained from equations 5.42 and
5.63.

At low frequencies the four systems behave the same as those of Fig.
5.9 and the transmission is small. At high frequencies the systems be-
have the same as those of Fig. 5.8, and again the transmission is small.
At the resonant frequency of the inductance and electrical capacitance
the series electrical reactance is zero. Therefore, from equations 5.39
and 5.60 the attenuation is due to the electrical resistance. At the reso-
nant frequency of the mass and compliance, Fig. 5.12, the mechanical
rectilineal reactance is zero. Therefore, from equations 5.40 and 5.61 the
attenuation is due to the mechanical resistance. At the resonant fre-
quency of the moment of inertia and the rotational compliance, Fig.
5.12, the mechanical rotational reactance is zero. Therefore, from equa-
tions 5.41 and 5.62 the attenuation is due to the mechanical rotational
resistance. At the resonant frequency of the inertance and acoustical
capacitance, Fig. 5.12, the acoustical reactance is zero. Therefore, from
equations 5.42 and 5.63 the attenuation is due to the acoustical resist-
ance. The transmission characteristic of these systems is shown in Fig.
5.12. This characteristic at the low and high frequencies is the same as
that of Fig. 5.10. However, in the region of resonance the resistance in
each of the four systems introduces attenuation as depicted by the trans-
mission characteristic of Fig. 5.12.
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5.16. Electrical Resistance, Inductance and Electrical Capacitance in
Parallel, in Series with a Line and the Mechanical Rectilineal,
Mechanical Rotational and Acoustical Analogies

Fig. 5.13 shows an electrical resistance, inductance and electrical
capacitance in parallel in series with a line. The mechanical rectilineal,
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F1c. 5.13.  Electrical resistance, inductance and electrical capacitance in parallel, in series
with aline and the mechanical rectilineal,mechanical rotational and acoustical analogies.
The graph depicts the transmission frequency characteristic.

mechanical rotational and acoustical analogies are also shown in Fig.
5.13. The electrical impedance of the electrical network of Fig. 5.13 is

jerL
= 5.64
w2~ relCy + jol

where rp = electrical resistance, in abohms,
L = inductance, in abhenries, and
Cg = electrical capacitance, in abfarads.

The output current can be obtained from equations 5.39 and 5.64.
The mechanical rectilineal impedance of the mechanical rectilineal
system of Fig. 5.13 is

j wragm

5.65

22 = B .
ra — & raCa + jom
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where 7y = mechanical rectilineal resistance, in mechanical ohms,
m = mass, in grams, and
Cy = compliance, in centimeters per dyne.

The output velocity can be obtained from equations 5.40 and 5.65.
The mechanical rotational impedance of the mechanical rotational
system of Fig. 5.13 is
jer[

2 = trR — w27”RICR +jw[ 566

where 7z = mechanical rotational resistance, in rotational ohms,
I = moment of inertia in gram (centimeter)®, and
Cr = rotational compliance, in radians per dyne per centimeter.

The output rotational velocity can be obtained from equations 5.41
and 5.66.
The acoustical impedance of the acoustical system of Fig. 5.13 is
jw?‘AM
74 — WraMCy + joM

242 = 5.67
where 74 = acoustical resistance, in acoustical ohms,

M = inertance, in grams per (centimeter)*, and

C4 = acoustical capacitance, in (centimeter)® per dyne.

The output volume current can be obtained from equations 5.42 and
5.67.

At low frequencies the systems behave the same as those of Fig. 5.8
and the attenuation is small. At high frequencies the systems behave the
same as those of Fig. 5.9 and the attenuation is small. At the resonant
frequency of the inductance and electrical capacitance the electrical
reactance is infinite and, therefore, from equations 5.39 and 5.64 the
attenuation is due to the electrical resistance. At the resonant frequency
of the mass and compliance, Fig. 5.13, the mechanical rectilineal react-
ance is infinite. Therefore, from equations 5.40 and 5.65 the attenuation
is due to the mechanical rectilineal resistance. At the resonant frequency
of the moment of inertia and the rotational compliance, Fig. 5.13, the
mechanical rotational impedance is infinite. Therefore, from equations
5.41 and 5.66 the attenuation is due to the mechanical rotational resist-
ance. At the resonant frequency of the inertance and acoustical capaci-
tance, Fig. 5.13, the acoustical reactance is infinite. Therefore, from
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equations 5.42 and 5.67 the attenuation is due to the acoustical resist-
ance. The transmission characteristic of these systems is shown in Fig.
5.13. This characteristic at the low and high frequencies is the same as
that of Fig. 5.11. However, in the region of resonance the resistance in
each of the four systems decreases the attenuation as depicted by the
transmission characteristic of Fig. 5.13.

5.17. Resistance Networks

The use of resistance networks in electrical circuits is well known.
Series and shunt networks are employed to introduce dissipation or
attenuation in the electrical circuits. In the same way mechanical and
acoustical resistance may be used in these systems to introduce dissipa-
tion, damping or attenuation. ““I"” and “”’ networks are a combination
of series and shunt elements usually employed to introduce attenuation

without mismatching impedances or for matching dissimilar impedances.
5.18. Electrical Resistance in Series with a Line and the Mechanical
Rectilineal, Mechanical Rotational, and Acoustical Analogies

Fig. 5.14 shows an electrical resistance in series with a line. Referring
to equation 5.39 it will be seen that the attenuation will be greater as the
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Fic. 5.14. Electrical resistance in series with a line and the mechanical rectilineal,
mechanical rotational and acoustical analogies.

resistance is made larger. Equation 5.40 shows that in the same way the
attenuation in the mechanical rectilineal system of Fig. 5.14 will be
greater as the sliding resistance is made larger. Equation 5.41 shows that
the attenuation in the mechanical rotational system of Fig. 5.14 will be



86 CORRECTIVE NETWORKS

greater as the sliding resistance on the brake wheel is made larger. The
acoustical system of Fig. 5.14 shows a system of slits in series with input
and output acoustical impedances. Equation 5.42 shows that the atten-
uation in this system will increase as the acoustic resistance is made
larger.

5.19. Electrical Resistance in Shunt with a Line and the Mechanical
Rectilineal, Mechanical Rotational and Acoustical Analogies

Fig. 5.15 shows an electrical resistance in shunt with a line. Referring
to equation 5.11 it will be seen that the attenuation in this case will be
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Fic. 5.15. Electrical resistance in shunt with a line and the mechanical rectilineal,
mechanical rotational and acoustical analogies.

greater as the electrical resistance is made smaller. Equation 5.12 shows
that in the same way the attenuation in the mechanical rectilineal system
of Fig. 5.15 will be greater as the sliding resistance is made smaller.
Equation 5.13 shows that the attenuation in the mechanical rotational
system of Fig. 5.15 will be greater as the sliding resistance on the brake
wheel is made smaller. Equation 5.14 shows that in the acoustical sys-
tem of Fig. 5.15 the attenuation will increase as the shunt acoustical
resistance is made smaller.
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